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Abstract
With a motivation to find a 2-d Lorentz-invariant solution of the AdS5 × S5 superstring we
continue the study of the Pohlmeyer-reduced form of this theory. The reduced theory is con-
structed from currents of the superstring sigma model and is classically equivalent to it. Its
action is that of G/H = Sp(2, 2) × Sp(4)/[SU(2)]4 gauged WZW model deformed by an in-
tegrable potential and coupled to fermions. This theory is UV finite and is conjectured to
be related to the superstring theory also at the quantum level. Expanded near the trivial
vacuum it has the same elementary excitations (8+8 massive bosonic and fermionic 2-d de-
grees of freedom) as the AdS5 × S5 superstring in the S5 light-cone gauge or near plane-wave
expansion. In contrast to the superstring case, the interaction terms in the reduced action
are manifestly 2-d Lorentz invariant. Since the theory is integrable, its S-matrix should be
effectively determined by the two-particle scattering. Here we explicitly compute the tree-level
two-particle S-matrix for the elementary excitations of the reduced theory. We find that this
S-matrix has the same index structure and group factorization properties as the superstring
S-matrix computed in hep-th/0611169 but has simpler coefficients, depending only on the dif-
ference of two rapidities. While the gauge-fixed form of the reduced action has only the bosonic
[SU(2)]4 part of the PSU(2|2)×PSU(2|2) symmetry of the light-cone superstring spectrum as
its manifest symmetry we conjecture that it should also have a hidden fermionic symmetry that
effectively interchanges bosons and fermions and which should guide us towards understanding
the relation between the two S-matrices.
1benjamin.hoare08@imperial.ac.uk
2Also at Lebedev Institute, Moscow. tseytlin@imperial.ac.uk
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2
1 Introduction
In this paper we continue the investigation of a particular 2-d massive integrable theory which
is the Pohlmeyer reduction of the AdS5×S5 superstring theory [1, 2, 3, 4, 5]. The motivation
is to use the 2-d Lorentz-invariant reduced theory as a starting point for a first-principles
solution of the AdS5 × S5 superstring.
The original Pohlmeyer reduction [6] related the classical equations of motion of the S2
sigma model to the sine-Gordon equation. In the string-theory analog of this reduction [7, 8]
one considers the string on Rt × S2 in the conformal gauge, fixes the residual conformal
diffeomorphisms by the condition t = µτ and solves the Virasoro constraints in terms of
one remaining degree of freedom, which is then interpreted as the sine-Gordon field. It is
possible to extend this procedure to larger symmetric spaces such as Sn and AdSn and then
further to the full superstring theory on AdS5×S5 (see [9, 1, 10] for details and references).
This reduction associates to a classical string theory on a coset space F/G a classically
equivalent “reduced” theory. In general, this reduced theory can be described as a massive
deformation of a gauged G/H WZWmodel (with an integrable potential proportional to µ2),
which is related to a non-abelian Toda-type generalization of the sine-Gordon model. The
number of independent fields in the reduced theory is the same as the number of physical
degrees of freedom of the original string theory (with the conformal symmetry completely
fixed and µ playing the role of a fiducial conformal scale, i.e. an analog of p+ in a light-cone
gauge). In addition, one has the advantage of manifest 2-d Lorentz symmetry in the reduced
theory, which is not usually present in a light-cone gauge fixed string theory in curved target
space.
This is achieved at the expense of a non-trivial transformation, essentially from coset
coordinates to coset currents, that relates the fields of the original superstring theory to the
fields of the reduced theory. A precise formulation of the relation between the two theories
(beyond their classical equivalence including the correspondence between their integrable
structures) is therefore a non-trivial open question. Since the Pohlmeyer reduction utilizes
the classical conformal invariance, it has a chance to continue to apply at the quantum level
only if the conformal-gauge string sigma model one starts with is UV finite. This is indeed
the case for the AdS5×S5 superstring sigma model [11] (see [12, 13] and references therein).
For consistency, the corresponding reduced theory [1, 2] should also be UV finite, i.e. should
have only a single “built-in” scale µ. The UV finiteness of the reduced theory was shown to
be the case at least to the two-loop order and is expected to be true to all loop orders [4].
Furthermore, it was conjectured in [5] that the quantum partition functions of the string
theory and the reduced theory should be equal and evidence for that was provided at the
leading one-loop level.
To gain better understanding of the reduced theory with the eventual goal of finding its
exact solution here we will study the tree-level S-matrix for elementary excitations of this
theory expanded near the trivial vacuum. The spectrum of elementary excitations contains
8 bosonic and 8 fermionic 2-d degrees of freedom of the same mass µ [1]. This is the same
spectrum as found in the S5 choice of the light-cone gauge in the AdS5 × S5 superstring
theory [14, 15], but in contrast to the light-cone gauge fixed superstring action [16, 17, 18]
the interaction terms in the reduced action are 2-d Lorentz invariant.
As a result, the tree-level two-particle S-matrix of the reduced theory that we will explicitly
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compute below is simpler than its counterpart found directly from the superstring action [19]:
while the two S-matrices turn out to have the same index structure, the former depends only
on the difference of the two rapidities while the latter depends on both rapidities.
The light-cone gauge AdS5 × S5 superstring S-matrix (corresponding to the spin-chain
magnon S-matrix on the gauge theory side [20]) plays an important role in the conjectured
Bethe Ansatz solution for the superstring energy spectrum based on its integrability and
implied by the AdS/CFT correspondence, see [18] for a review and further references. Its
structure is essentially fixed (up to a phase) by the residual global PSU(2|2) × PSU(2|2)
symmetry of light-cone gauge Hamiltonian [21, 22, 18].1 However, lack of 2-d Lorentz sym-
metry leads to complicated structure of the corresponding thermodynamic Bethe Ansatz for
the full quantum superstring spectrum (see, e.g., [23, 24] and references therein).
The solution of the reduced theory is expected to have a simpler form. Making a natural
assumption that the classical integrability of the reduced theory extends to the quantum
level, its solution should be determined, as in other similar [25, 26, 27] 2-d integrable massive
QFT examples [28, 29, 30, 31, 32, 33, 34, 35, 36], by an exact Lorentz-invariant S-matrix.
Let us briefly recall the structure of the reduced theory action for the AdS5×S5 superstring
(see [1, 4] for details). The starting point is the set of first-order equations of motion of the
AdS5×S5 superstring [11, 37, 38, 39] in the conformal gauge written in terms of the currents
for the supercoset
Fˆ
G
=
PSU(2, 2|4)
Sp(2, 2)× Sp(4) . (1.1)
One can solve the Virasoro conditions by choosing a particular constant matrix T from the
bosonic part of the coset algebra and introducing a new set of variables, i.e. fields of the
reduced theory, which are algebraically related to the supercoset currents. Gauge-fixing the
κ-symmetry, one can derive the remaining independent equations of motion from a local
action – the reduced theory action. The latter happens to be the action of a gauged WZW
model for
G
H
=
Sp(2, 2)
SU(2)× SU(2) ×
Sp(4)
SU(2)× SU(2) , (1.2)
supplemented with an integrable bosonic potential and fermionic terms. The action of the
gauge group H = [SU(2)]4 commutes with the matrix T so that the T -dependent potential
is also gauge invariant. Explicitly, the reduced theory action is given by2
S = k STr
[ ∫
d2x 1
2
g−1∂+g g−1∂−g −
∫
d3x 1
6
ǫmnl g−1∂mg g−1∂ng g−1∂lg
+
∫
d2x
(
A+∂−gg−1 − A−g−1∂+g − g−1A+gA− + A+A− + µ2 g−1TgT
)
+
∫
d2x
(
ψ
L
TD+ψL + ψRTD−ψR + µ g
−1ψ
L
gψ
R
)]
. (1.3)
The fields in (1.3) may be represented by 8× 8 supermatrices in the fundamental represen-
tation of PSU(2, 2|4) (with diagonal 4 × 4 blocks being bosonic and the off-diagonal 4 × 4
1The tree-level superstring S-matrix was shown to agree [19, 22] with a suitable limit of the full S-matrix.
2As discussed in [4], it is natural to assume that the overall constant k here is proportional to the
superstring tension,
√
λ
2pi
. The reason is that the bosonic and the fermionic potential terms in this action are
directly related to the bosonic and the fermionic current terms in the superstring action. This identification
would make sense at the quantum level provided that k is not actually quantized in the present case.
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blocks being fermionic). g takes values in G = Sp(2, 2) × Sp(4) and A± in the algebra h
of H = [SU(2)]4. The fermionic fields ψ
L
, ψ
R
originate from particular components of the
fermionic psu(2, 2|4) superstring currents.
In this paper we shall present the reduced-theory counterpart of the computation of the
leading term in the light-cone superstring S-matrix done in [19]: we shall expand the action
(1.3) around the trivial vacuum g = 1, A± = 0, ψR = ψL = 0 and find the tree-level two-
particle scattering amplitude for the corresponding 8+8 massive elementary excitations. To
obtain the effective quartic Lagrangian that determines this amplitude we shall choose the
“light-cone” gauge A+ = 0 (which preserves the Lorentz symmetry in 2-d), set g = e
η and
expand in powers of η. Splitting η = X+ξ, where X is from the coset part of sp(2, 2)⊕sp(4)
and ξ is from the algebra ofH , and solving the constraint that follows from integrating out A−
we will end up with the following equivalent Lorentz-invariant Lagrangian for the remaining
8+8 physical fields, X and ψ
R
, ψ
L
3
L4 = k STr
( 1
2
∂+X∂−X − µ
2
2
X2 + ψ
L
T∂+ψL + ψRT∂−ψR + µψLψR
+
1
12
[X, ∂+X ][X, ∂−X ] +
µ2
24
[X, [X, T ]]2
− 1
4
[ψ
L
T, ψ
L
][X, ∂+X ]− 1
4
[ψ
R
, Tψ
R
][X, ∂−X ]− µ
2
[X, ψ
R
][X, ψ
L
]
+
1
2
[ψ
L
T, ψ
L
][ψ
R
, Tψ
R
]
)
.
(1.4)
The tree-level two-particle S-matrix then follows directly from the quartic terms in (1.4). The
classical integrability [1] of the reduced theory (1.3) implies that the full tree-level S-matrix
for the elementary excitations is determined by the two-particle S-matrix using factorization.
We shall compare the reduced-theory S-matrix following from (1.4) to the light-cone su-
perstring one found in [19]. The two S-matrices represent the scattering of equivalent sets
of degrees of freedom and turn out to have the same index structure but different kinematic
coefficients. One important outstanding question is if they are actually related, e.g., by a
momentum-dependent non-Lorentz invariant transformation.
To find the exact solution of the reduced theory one is to prove its quantum integrability
and determine the exact quantum mass spectrum and the exact non-perturbative S-matrix.
While the form of the dispersion relation in the light-cone superstring S-matrix is dictated
by the centrally extended psu(2|2) ⊕ psu(2|2) global symmetry algebra of the light-cone
Hamiltonian [21, 40, 22, 18] it remains to be understood if the exact mass spectrum of
the reduced theory is also effectively controlled by symmetries, e.g., by a hidden fermionic
(super)symmetry, or if one needs to resort to a study of the (semiclassical) solitonic spectrum
as in [41, 42, 43].
Motivated by analogy with similar models in [27, 31, 43], the hope for solving a theory
like (1.3) is based on the possibility of using methods of deformed coset CFT, i.e. on the
expectation that implications of conformal symmetry should survive the µ-deformation and
allow one to find the exact S-matrix. Indeed, the bosonic part of the reduced theory action
3Here T = i
2
diag(1, 1,−1,−1, 1, 1,−1,−1) is a constant matrix.
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(1.3) is a special case of a class of massive integrable deformations of the gWZW model, gen-
eralized symmetric space sine-Gordon models or generalized non-abelian Toda-type models
[44], considered in [9, 27] (see [35] for a review and references). Since the full fermionic model
(1.3) is UV finite [4], we may expect some important simplifications compared to the purely
bosonic cases.4 It is likely to be possible to prove quantum integrability by identifying (as,
e.g., in [45]) a higher spin conserved current and using the bootstrap method to determine
the exact S-matrix.
The structure of the rest of this paper is as follows. We shall start in section 2 with an
analysis of the massive integrable deformation of the G/H gauged WZW model represented
by the bosonic part of (1.3). We shall choose the A+ = 0 gauge, derive the bosonic part of
the quartic Lagrangian (1.4) and demonstrate its classical integrability.
In section 2.4 we shall compute the corresponding two-particle S-matrix and then in sec-
tion 2.5 consider two special cases G/H = SO(N)/SO(N − 1) and G/H = SO(N −
1, 1)/SO(N − 1) representing the reduced theories for strings on Rt × SN and AdSN × S1
respectively.
In section 2.6 we shall discuss a generalization of the bosonic part of (1.3) to an asym-
metrically gauged case [47, 27, 48] as the reduction procedure does not, in general, select a
particular gauging of the WZW model [1]. We shall show that the corresponding tree-level
S-matrix for elementary excitations does not, in fact, depend on a particular choice of the
τ -automorphism defining the asymmetric gauging. This will be illustrated on the example
of the complex sine-Gordon model and its T-dual.
In section 3 we shall turn to the complete reduced theory (1.3) for the AdS5×S5 superstring
including the fermionic terms. Fixing the A+ = 0 gauge and integrating out A− we will get a
non-local effective Lagrangian for the physical components X,ψ
L
, ψ
R
but we will show that
there is an equivalent local Lagrangian (1.4) that leads to the same S-matrix. In section
3.4 we shall consider the special cases of the reduced Lagrangians for the AdS2 × S2 and
AdS3×S3 superstring models and show that they agree with the corresponding special cases
of (1.4).
In section 4 shall we compute the tree-level two-particle S-matrix for the complete reduced
theory following from the Lagrangian (1.4). The reduced theory S-matrix turns out to be of
the same group-factorizable form as in the superstring case [19], which suggests that there
may be a direct relation between the two S-matrices.
In section 5 we shall make some concluding remarks and discuss open problems.
Appendix A contains some details of simplification of the gauge-fixed actions. In Appendix
B we list the generators of the relevant parts of the psu (2, 2 |4) algebra. In Appendix C we
give explicit form of the T-matrix of the reduced theory found in section 4. In Appendix D
we consider the tree-level two-particle S-matrix of a (non-integrable) massive deformation of
the bosonic geometric G/H coset model and compare it to the S-matrix of the deformation
of the gauged WZW model discussed in section 2.
4Some lessons may be drawn from analogy with the UV finite (2, 2) supersymmetric sine-Gordon model
[46] which happens to be equivalent to the reduced theory for the AdS2 × S2 superstring [1]. However, the
sine-Gordon model has topological solitons and lacks the important feature of non-trivial sigma model metric
in the kinetic part of the action that is characteristic to higher-dimensional models like the one associated
to AdS3 × S3 or AdS5 × S5.
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2 Tree-level perturbative S-matrix of bosonic
gauged WZW model with an integrable potential
Before turning to the superstring case we shall start by considering a bosonic G/H gauged
WZW model with an integrable potential that appears [9, 1, 10] in the Pohlmeyer reduction
of the geometrical F/G coset sigma model,5 or, equivalently, is associated to a string in the
conformal gauge moving on Rt × F/G space. To carry out the reduction one writes the
equations of motion for the F/G model in the first-order form, i.e. in terms of currents,
and then solves the Virasoro conditions by introducing a scale µ, via t = µτ , a new field
g ∈ G and a constant matrix T in the coset part p = f⊖ g of the algebra f of F . H is then
the subgroup of G whose algebra commutes with T and the resulting classically equivalent
integrable theory is described by a G/H gWZW model with a potential determined by T ,
i.e. by the bosonic part of (1.3). The fields of the reduced theory are related to the currents
of the original F/G coset model [1]. Examples of such theories have been discussed, e.g., in
[25, 26, 27].
The excitations around the trivial g = 1 vacuum of this theory are massive (with mass µ)
and below we shall compute the corresponding tree-level two-particle S-matrix. Since the
theory is classically integrable, this then determines the full tree-level S-matrix for elementary
excitations via factorization.
2.1 Setup and notation
Since we shall view the G/H gWZW model as a reduced theory for the F/G coset model
it is natural to think of G as being embedded into a group F . Thus we shall consider the
three groups F ⊃ G ⊃ H , where F/G and G/H are both symmetric coset spaces. The coset
part of the algebra of F will be denoted as p, i.e. f = g ⊕ p. We shall denote the maximal
abelian subalgebra of p as a and define n as the orthogonal complement of a in p, i.e.
f = g⊕ p , p = a⊕ n . (2.1)
We will assume that a is one-dimensional and denote its non-trivial element as T . Then H is
defined as the subgroup of G whose algebra h is the centralizer of T in g, i.e. [T, ǫ] = 0, ǫ ∈ h.
Then
g = m⊕ h , [a, a] = 0 , [a, h] = 0 , [m, m] ⊂ h , [m, h] ⊂ m , [h, h] ⊂ h . (2.2)
We shall also assume the following commutation relations which are all consistent with F/G
being a symmetric space,
[a, n] ⊂ m , [a, m] ⊂ n , [n, n] ⊂ h , [n, m] ⊂ a , [n, h] ⊂ n . (2.3)
We shall consider all the fields as matrices with indices in the fundamental representation
of f or F . The corresponding orthonormal basis of generators of f is (|f| ≡ dim f, ηIJ =
diag(±1, ...± 1))
[TI , TJ ] = f
K
IJ TK , Tr(TITJ) = ηIJ , I, J = 0, . . . , |f| − 1 . (2.4)
5The action of the latter is S = − 1
2
k
∫
d2x Tr[(f−1∂+f + A+)(f−1∂−f + A−)], where f ∈ F, A ∈ g =
alg(G).
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We will use ηIJ to raise and lower indices. Then fIJK is totally antisymmetric. Explicitly,
the basis can be labelled as follows:
• T0 = n0T : the generator of a (|a| = 1)
• Ta: basis of m (a = 1, . . . , |m|)
• Ti: basis of h (i = |m|+ 1, . . . , |g|)
• Taˆ: basis of n (aˆ = |g|+ 1, . . . , |f| − 1)
In this section for simplicity we will work with the assumption that F is compact (and
thus so are G and H), but generalization to a non-compact case will be straightforward.
Compactness implies that ηIJ = −δIJ . Then Tr(T 20 ) = −1 and thus n0 is a normalization
constant entering the expression for Tr(T 2)
Tr(T 2) = −n−20 . (2.5)
Also, for the basis of the G/H part of the algebra m we have
Tr (TaTb) = ηab = −δab . (2.6)
We shall assume that for m ∈ m
Tr ([m, T ]2) = Tr
(
m2
)
, i.e. n−20 f
aˆ
a 0 fb 0aˆ = −δab . (2.7)
This condition implies that the spectrum of elementary excitations in the action like (1.3)
will be massive with the parameter µ being the mass scale. We shall use also the following
identity (below m = maTa ∈ m)
Tr([m, [m, T ]]2) = −n−20 f aˆa 0 f 0baˆ f bˆc 0 f 0dbˆ mambmcmd = −n20mamambmb . (2.8)
For a non-compact group G, with H being its maximal compact subgroup, the sign of δab
in (2.6) and the overall sign in the action (2.9) below should be reversed. This prescription
is consistent with the use of the supertrace STr in (1.3) and ensures that the propagating
degrees of freedom enter the action with physical signs. In the non-compact case we will
still demand (2.7), but if Tr(T 20 ) will change sign one will need to reverse the sign in (2.8)
as well.
2.2 Expansion of action near g = 1 vacuum
Our starting point is thus the (symmetrically) gauged G/H WZW model with an integrable
potential
SB = − k Tr
[ ∫
d2x 1
2
(g−1∂+g g−1∂−g) −
∫
d3x 1
6
ǫmnl (g−1∂mgg−1∂ngg−1∂lg)
+
∫
d2x
(
A+∂−gg−1 −A−g−1∂+g − g−1A+gA− + A+A− + µ2 g−1TgT
) ]
, (2.9)
where g ∈ G, A± ∈ h and T is a constant matrix such that [T, H ] = 0. The action is
invariant under the following gauge transformations
g → h−1gh , A± → h−1A±h+ h−1∂±h , h = h(x) ∈ H . (2.10)
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The corresponding equations of motion imply
∂+A− − ∂−A+ + [A+, A−] = 0 , (2.11)
that is the connection A is flat, thus it can be gauged away on-shell. The remaining equations
of motion for g are then those of a non-abelian Toda model [44, 9]
∂−(g−1∂+g) = µ2[T, g−1Tg] ,
(g−1∂+g)h = 0 , (∂−gg−1)h = 0 ,
(2.12)
with g = 1 is a trivial vacuum point.
To study the scattering of elementary excitations around this vacuum we shall set
g = eη , η ∈ g , (2.13)
where η → h−1ηh under the gauge transformations (2.10).
Expanding the action (2.9) in powers of η we get6
SB = k
∫
d2x L , L =
∞∑
n=1
L(n) , (2.14)
L = −Tr
(
[D+, D−]η +
∞∑
n=1
1
(n + 1)!
[
D+ηL
n−1
η (D−η)− µ2Lη (T ) Ln−1η
(
Lη (T )
) ])
= −Tr
[
[D+, D−]η +D+η
eLη − 1− Lη
L2η
(D−η)− µ2Lη (T )
eLη − 1− Lη
L2η
(
Lη (T )
) ]
,
or explicitly,
L(1) = −Tr ([D+, D−]η) , (2.15)
L(2) = −Tr
[1
2
D+ηD−η − µ
2
2
Lη (T )Lη (T )
]
, (2.16)
L(3) = −Tr
[1
6
D+ηLη (D−η)−
µ2
6
Lη (T )L
2
η (T )
]
, (2.17)
L(4) = −Tr
[ 1
24
D+η L
2
η (D−η)−
µ2
24
Lη (T )L
3
η (T )
]
, . . . (2.18)
D±... ≡ ∂±...+ [A±, ...] , Lη (...) ≡ [η, ...] . (2.19)
This expansion is manifestly gauge-invariant, e.g., invariant under the infinitesimal gauge
transformations
δη = [η, ǫ] , δA± = D±ǫ , ǫ(x) ∈ h . (2.20)
To compute the two-particle tree-level S-matrix we will not need terms more than quartic
in fields.
Next, let us decompose the fluctuation field η into a coset (“physical”) and a subgroup
(“gauge”) parts according to (2.2), i.e.
η = X + ξ , X ∈ m , ξ ∈ h . (2.21)
6The expansion of the WZ term in the action can be determined from the condition of gauge invariance.
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Then Lη (T ) = LX (T ) ≡ [X, T ], etc. The quadratic part of the Lagrangian (2.16), which
should determine the asymptotic scattering states, then takes the form
L(2) = −Tr
(1
2
∂+X∂−X − µ
2
2
X2 +
1
2
∂+ξ∂−ξ + A+∂−ξ − A−∂+ξ
)
. (2.22)
The corresponding equations of motion (cf. (2.11),(2.12))
∂+∂−X + µ2X = 0 ,
∂+∂−ξ + ∂−A+ − ∂+A− = 0 , ∂−ξ = ∂+ξ = 0 .
(2.23)
imply that only X represents propagating degrees of freedom.7 The apparent massless and
ghost modes in the ξ, A+, A− part of (2.22) are not physical states of the theory.
2.3 A+ = 0 gauge and action for physical degrees of freedom
To compute the S-matrix for physical excitations (in the G/H coset directions) one needs
to fix the H gauge symmetry in (2.14). The final result for the S-matrix should be of course
gauge-independent. One apparently obvious choice is to fix a gauge on g and then integrate
out A± which enter the action only algebraically. However, the resulting action for g then
happens to be singular when expanded near g = 1 [1].8 This singularity, however, is a gauge
artifact (it is absent, in particular, at the level of equations of motion where one can gauge
fix A± to zero).
To get a regular expansion near g = 1 on should choose a gauge on A±. A very natural
choice is the “light-cone” gauge, A+ = 0. In addition to being ghost-free (the ghost deter-
minant is field-independent), in 2 dimensions it also preserves the Lorentz invariance of the
gauge-fixed action found by setting A+ = 0 in (2.15)-(2.18). The quadratic Lagrangian is
given by (2.22) with A+ = 0. After using integration by parts and the cyclicity of the trace
the cubic and the quartic terms take the following gauge-fixed form
L(3)g.f. = −Tr
(1
2
ξ[∂−X, ∂+X ] +
1
6
∂+ξ[ξ, ∂−ξ] +
1
2
A− ([X, ∂+X ] + [ξ, ∂+ξ])
)
, (2.24)
L(4)g.f. = −Tr
(
− 1
24
[X, ∂+X ][X, ∂−X ] +
µ2
24
[X, [X, T ]]2
)
+O (X2ξ2)+O (ξ4)+O (A−X2ξ)+O (A−ξ3) . (2.25)
We will not need ξ-dependent terms in (2.25) to determine the tree-level two-particle S-
matrix for the physical states X .
To explicitly decouple the unphysical degrees of freedom we may integrate out A− and
then solve the resulting delta-function constraint expressing ξ in terms of X .9 Integrating
7This agrees of course with the general counting of degrees of freedom. We started off with a Lagrangian
containing dimG + 2dimH fields g,A+, A−. The off-shell gauge freedom and the two on-shell constraints
arising from varying the action with respect to A± remove 3 × dimH degrees of freedom. This then leaves
us with dimG− dimH = dimm degrees of freedom.
8Indeed, trying to integrate out A± in (2.14) would lead to inverse powers of η. The reason for this is
clear from (2.9): if we set g = 1, the terms quadratic in A± vanish.
9An alternative approach (similar to the one in the standard covariant gauge choice) would be to replace
A− by ∂−b and to treat b, ξ,X as a new set of fields with only X representing asymptotic states. The
resulting propagator for (b, ξ) will have a ghost direction but that should not affect the unitarity of the final
S-matrix for X (cf. Lorentz gauge choice).
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over A− in the sum of (2.22),(2.24) gives (g−1∂+g)h = 0, i.e.
∂+ξ − 1
2
[X, ∂+X ]− 1
2
[ξ, ∂+ξ] + ... = 0 , (2.26)
where dots stands for higher order terms. Solving for ξ we find
ξ =
1
2
1
∂+
[X, ∂+X ] +O(X3) . (2.27)
The lowest order is quadratic in X , which means that to find the two-particle S-matrix for
X we do not need to consider any higher order terms in (2.27).10
The resulting effective Lagrangian for the physical degrees of freedom X takes the form
LX = L4X +O(X5) where
L4X =− Tr
(
1
2
∂+X∂−X − µ
2
2
X2 +
1
8
[X, ∂+X ]
∂−
∂+
([X, ∂+X ])
+
1
4
[∂−X, ∂+X ]
1
∂+
[X, ∂+X ]
− 1
24
[X, ∂+X ][X, ∂−X ] +
µ2
24
[X, [X, T ]]2
)
.
(2.28)
The first line in the above expression comes from (2.22), the middle line from (2.24), and
the third line from (2.25). Using integration by parts (see Appendix A) eq.(2.28) can be
transformed into the following local Lagrangian
L4X =− Tr
(1
2
∂+X∂−X − µ
2
2
X2 +
1
12
[X, ∂+X ][X, ∂−X ] +
µ2
24
[X, [X, T ]]2
)
. (2.29)
In general, higher-order X5, etc. terms in the Lagrangian (2.28) may contain non-local
factors 1
∂+
(familiar from light-cone gauge fixed gauge theory in 4-d)11 but we expect12
that, as happened at quartic order, they should effectively disappear (possibly after a field
redefinition) and the end result should be a local Lagrangian for X only.
Let us now make two remarks. First, let us comment on the residual global symmetry of
the resulting Lagrangian for X . As follows from (2.20) and (2.2), splitting η = X+ξ leads to
the gauge transformations δX = [X, ǫ], δξ = [ξ, ǫ]. Since the residual gauge transformations
that preserve the condition A+ = 0 are parametrized by ǫ = ǫ(x
−) ∈ h it then follows that
the effective Lagrangian for X obtained by integrating out A− and ξ should be invariant
under δX = [X, ǫ], i.e. should have at least global H invariance
X → h−1Xh , h = const ∈ H . (2.30)
The corresponding S-matrix should then also have global H symmetry.
10This is also the reason why we do not need to consider the terms neglected in (2.25) and can ignore the
term of the form O (ξ3) in (2.24).
11As in 4-d gauge theory such factors should not cause problems with unitarity: the original theory we
started with is unitary for an appropriate choice of G and H .
12An indication that a local action for the coset degrees of freedom should exist is that in the case where
the H gauge symmetry is fixed by a gauge on g and A± are integrated out one gets a local (but degenerate
when expanded near g = 1) action.
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The second comment is about integrability of the action for X . The theory (2.9) we
started with is integrable, i.e. its equations of motion follow from a flatness condition of the
Lax connection (here z is a spectral parameter)
ω = dx+
(
g−1∂+g + g
−1A+g + zµT
)
+ dx−
(
A− + z
−1µg−1Tg
)
. (2.31)
The theory for the physical excitations X obtained by eliminating the gauge degrees of
freedom should then also to be integrable. Indeed, one can check that the equations of
motion for X following from (2.29)13
∂+∂−X = −µ2X + 1
6
[∂+X, [X, ∂−X ]] +
1
6
[∂−X, [X, ∂+X ]]
+
µ2
6
[T, [X, [X, [X, T ]]]] +O(X4) ,
(2.32)
can be obtained from the flatness condition of the following Lax connection
ωX = dx
+
(
∂+X − 1
4
[X, ∂+X ]− 1
12
[X, [X, ∂+X ]] + zµT
)
+ dx−
(1
4
[X, ∂−X ]
+ z−1µ
[
T − [X, T ] + 1
2
[X, [X, T ]]− 1
6
[X, [X, [X, T ]]]
])
+O(X4) . (2.33)
The all-order completion of the Lagrangian (2.29) should again admit a Lax connection.
The integrability should then imply factorization of the tree-level S-matrix for X , i.e. this
S-matrix should be essentially determined by the two-particle scattering amplitude following
from the simple quartic Lagrangian (2.29).
2.4 Tree-level two-particle S-matrix
Expanding the matrix field X in the basis of generators {Ta} of the coset part of the algebra
of G and rescaling it by the overall coefficient k (the expansion parameter) in the action
(2.9)
X =
1√
k
XaTa , (2.34)
we can write the quartic Lagrangian corresponding to (2.29), L′4X = kL4X , in component
form
L′4X = −
1
2
∂+Xa∂−X
a+
µ2
2
XaX
a+
1
12k
γabcdX
aXc∂+X
b∂−X
d+
1
24k
γ0µ
2XaXaX
bXb . (2.35)
Here we used the relations (2.4)–(2.8) from section 2.114 and defined the coupling constants
γabcd ≡ −f iab fcdi , γ0 ≡ n20 . (2.36)
Since there are no cubic terms in the Lagrangian there is only a single relevant tree-level
Feynman diagram (Fig.1). Using the operator approach, the usual expansion of the S-matrix
13Here we have solved perturbatively for ∂+∂−X and used the Jacobi identity [[X, T ], [X, [X, T ]]] =
−[[T, [X, [X, T ]]], X ] − [[[X, [X, T ]], X ], T ] where the first term on the right hand side vanishes. From
(2.2),(2.3) it follows that [X, [X, T ]] ∈ a and thus the commutator of two such matrices should vanish as a
is abelian.
14Note that according to the definitions in section 2.1 the indicies a, b, c, d should be raised and lowered
with ηab = −δab. Thus the kinetic term in this Lagrangian has the correct sign.
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Figure 1: Scattering diagram
may be written as
S = 1 +
i
k
T , T = −k
∫ ∞
−∞
dτ V (τ) + . . . , V (τ) = −
∫ ∞
−∞
dσ Lint , (2.37)
which gives the following expression for the leading term in the T-matrix
T =
1
12
∫
d2x
(
γabcd : X
aXc∂+X
b∂−X
d : +
1
2
γ0µ
2δabδcd : X
aXbXcXd :
)
, (2.38)
where Xa are now free-theory operators
Xa(x) =
∫
dp
2π
1√
2ǫ
(
aape
−i~p·~x + aa†p e
i~p·~x) ∣∣∣
ǫ= ǫp
, (2.39)
[Xa(σ), X˙b(σ′)] = iδabδ(σ − σ′) , [aap, ab†p′ ] = (2π)δabδ(p− p′) . (2.40)
We use the following notation
~x = (τ, σ) , ~p = (ǫ, p) , x± =
1
2
(τ ± σ) , p± = ǫ± p , (2.41)
so that ~p · ~x = p+x+ + p−x−. We denote the on-shell energy by ǫp and the rapidity by θ:
ǫp =
√
p2 + µ2 , ǫp = µ cosh θ , p = µ sinh θ , p± = µe±θ . (2.42)
We proceed by substituting (2.39) into (2.38). As we are interested only in the action of
T on two-particle states we just consider the six terms that have two creation and two
annihilation operators. Integrating over ~x we end up with a factor δ(2)(~q1 + ~q2 − ~q3 − ~q4) =
δ(ǫq1 + ǫq2 − ǫq3 − ǫq4)δ(q1 + q2 − q3 − q4). These two δ-functions can then be used to do
the integral over the momenta q3 and q4, as the arguments of the δ-functions only vanish
when either ~q1 = ~q3 and ~q2 = ~q4 , or ~q1 = ~q2 and ~q2 = ~q3. We also pick up a Jacobian factor
ǫq1 ǫq2
|ǫq1q2−q1ǫq2 |
. This leads to
T =
∫
dq1dq2
(2π)2
1
4|ǫq1q2 − q1ǫq2 |
[( 1
12
γabef(2µ
2 − q1+q2− − q2+q1−)
+
1
12
γaebf(−4q1+q2−) + 1
12
γafbe(−2µ2 − q1+q2− − q2+q1−)
)
+
(
γ0
µ2
6
δabδef + γ0
µ2
6
δaeδbf + γ0
µ2
6
δafδbe
)]
aa†q1a
b†
q2
aeq1a
f
q2
.
(2.43)
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The action of T on two-particle states∣∣Xc(p1)Xd(p2)〉 = 2√ǫp1ǫp2ac†p1ad†p2 |0〉 (2.44)
gives coefficient functions T cdab (ϑ)
T
∣∣Xc(p1)Xd(p2)〉 = T cdab (ϑ) ∣∣Xa(p1)Xb(p2)〉 . (2.45)
As usual in a 2-d Lorentz invariant theory, T cdab should depend on the difference of the two
rapidities
ϑ ≡ |θ1 − θ2| , p1± = µe±θ1 , p2± = µe±θ2 . (2.46)
Using that
aa†q1a
b†
q2
aeq1a
f
q2
∣∣Xc(p1)Xd(p2)〉
= (2π)2
√
ǫp1ǫp2
(
δceδdfδ(q1 − p1)δ(q2 − p2) + δcfδdeδ(q1 − p2)δ(q2 − p1)
)
aa†q1a
b†
q2
|0〉 ,
we end up with
T cdab (ϑ) =
1
12 sinhϑ
[
γ0
(
δabδ
cd + δcaδ
d
b + δ
d
aδ
c
b
)
+ γ cdab − γ d ca b
. − (γ cdab + 2 γ c da b + γ d ca b ) cosh ϑ] . (2.47)
The same result is found by using the Feynman rules, i.e. the LSZ reduction of the four-
point vertex function in (2.29). The vertex function corresponding to the diagram in Figure
1 with all the momenta qi flowing in is
Vabcd =
i
12k
(
γabcd q2+q4− +
1
2
γ0µ
2δabδcd
)
+ permutations , (2.48)
were there are 23 permutations of {(a, q1), (b, q2), (c, q3), (d, q4)} other than the identity.
Using that all of the legs are on-shell, i.e. q1± = −q3± = µe±θ1 , q2± = −q4± = µe±θ2 we
again find (2.47), with
T cdab (ϑ) =
k
4iµ2 sinh ϑ
V cdab (ϑ) . (2.49)
2.5 Examples: SO(N)/SO(N − 1) and SO(N − 1, 1)/SO(N − 1)
Let us now consider two specific examples, where G/H = SO(N)/SO(N − 1) and G/H =
SO(N − 1, 1)/SO(N − 1). The corresponding actions (2.9) describe Pohlmeyer reduced
theories corresponding to string theory on Rt × SN and AdSN × S1 respectively; the N = 5
case is thus relevant for the AdS5 × S5 superstring [1]. Below we shall find the explicit
expressions for the coefficients T cdab (ϑ) in (2.49),(2.47).
G/H = SO(N)/SO(N− 1)
Here F = SO(N + 1), G = SO(N), H = SO(N − 1) (cf. section 2.1). The standard
normalised basis for f = so(N + 1) in terms of (N + 1)× (N + 1) matrices is
TI = {T˜αβ , α < β} , (T˜αβ)uv = 1√
2
(δαuδβv − δαvδβu) , (2.50)
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where α, β, . . . , u, v, . . . = 1, . . . , N + 1. As in [9, 1] we may choose g to be formed by
(N + 1) × (N + 1) matrices with non-trivial lower right N × N corner and h formed by
matrices with non-trivial lower right (N −1)× (N −1) corner. This corresponds to choosing
the basic matrix T as
T =
√
2 T˜01 =


0 1 0 . . . 0
−1 0 0 . . . 0
0 0 0 . . . 0
...
...
...
. . .
...
0 0 0 . . . 0


. (2.51)
Then n0 =
1√
2
in (2.5) and the condition (2.7) is satisfied. An orthonormal basis of m is
given by Ta = T˜2,a+2, where a = 1, . . . , N − 1. The coupling constants defined in (2.36) are
found to be
γabcd =
1
2
(δacδbd − δadδbc) , γ0 = 1
2
. (2.52)
Using (2.47) we see that T cdab in (2.47) here simplifies to
T cdab (ϑ) =
1
8 sinhϑ
[
δcaδ
d
b −
(
δabδ
cd − δdaδcb
)
coshϑ
]
. (2.53)
When N = 2 the subgroup H is trivial and in this case the action (2.9) reduces to that of
the sine-Gordon model [9]. In this case the G/H coset is one dimensional and thus (2.53)
becomes
T (ϑ) =
1
8 sinhϑ
, (2.54)
which agrees with the two-particle tree-level amplitude for scattering of elementary excita-
tions around trivial vacuum of the sine-Gordon model.
For N = 3 the symmetrically gauged model (2.9) is related to the complex sine-Gordon
(CsG) model: fixing the H = SO(2) gauge on g and integrating out A± we end up with a
model that is equivalent to the CsG model by 2-d duality. The above procedure based on the
A+ = 0 gauge leads to the S-matrix (2.53). The latter is also the same as the two-particle
tree-level scattering amplitude for elementary excitations in CsG model. The reason for this
relation has to do with the existence of several possible H gaugings of the WZW model and
will be discussed further in section 2.6.
G/H = SO(N− 1, 1)/SO(N− 1)
Here F = SO(N − 1, 2), G = SO(N − 1, 1), H = SO(N − 1). As here G is non-compact
and H is its maximal compact subgroup, as discussed in section 2.1 the sign in the relations
in (2.5),(2.6), etc. (i.e. the sign of the trace) should then be reversed. The basis for
f = so(N − 1, 2) can be chosen as
TI = {T˜αβ , α < β} , (T˜αβ)uv =
1√
2
(
δuαη˜βv − η˜αvδuβ
)
, (2.55)
where η˜ = diag (−1,−1, 1, 1, . . . , 1). Using the same embedding of g and h into f as in the
previous example, the choice of T is then the same as in (2.51).
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An orthonormal basis of the coset part of the algebra, m, is given by Ta = T˜2,a+2, where
a = 1, . . . , N − 1. As the basis for h is the same as in the previous example it is clear that
changing the sign of the trace gives
γabcd = −1
2
(δacδbd − δadδbc) , γ0 = −1
2
, (2.56)
instead of (2.52). Using (2.47) we see that here T cdab simplifies to
T cdab (ϑ) = −
1
8 sinhϑ
[
δcaδ
d
b − (δabδcd − δdaδcb) coshϑ
]
. (2.57)
This differs from (2.53) only by the overall sign.
2.6 Asymmetrically gauged WZW model with an integrable po-
tential
The action (2.9) we discussed above corresponds to the symmetrically gauged WZW model,
but there is a more general class of models with an asymmetrical gauging of H . Asym-
metrical gauging [47, 27, 48] uses an anomaly-free automorphism τ of the algebra h (in the
symmetrically gauged case τ = 1).15 As discussed in [1, 3, 10, 5], an asymmetrically gauged
analog of the G/H gWZW action in (2.9) may also be considered as a Pohlmeyer reduction
of the F/G coset model.
As we shall see below, the choice of the τ -automorphism does not actually affect the
perturbative S-matrix of the corresponding theory, i.e. all the different anomaly-free gaugings
of the WZW model with a potential have the same perturbative S-matrix. A way to see this
is by observing that all dependence on τ in the action drops out in the A+ = 0 gauge, so
that the spectrum of excitations near the g = 1 vacuum and the corresponding S-matrix do
not depend on τ .
The action of the asymmetrically gauged model is obtained from (2.9) by replacing the
A+A− term by τ(A+)A−, i.e. by replacing the A± dependent terms in (2.9) by
Sa.g. = −k
∫
d2x Tr
[
A+∂−gg−1 −A−g−1∂+g − g−1A+gA− + τ(A+)A−
]
. (2.58)
The full action is then invariant under the following gauge transformations
g → h−1gτˆ(h) , A+ → h−1A+h+h−1∂+h , A− → τˆ(h)−1A−τˆ(h)+ τˆ (h)−1∂−τˆ (h) , (2.59)
where τˆ is the lift of the automorphism τ from the algebra h to the group H .
The analog of the quadratic Lagrangian before gauge-fixing (2.22) is
L(2) = −Tr
[1
2
∂+X∂−X− µ
2
2
X2+
1
2
∂+ξ∂−ξ+A+∂−ξ−A−∂+ξ−A+A−+τ(A+)A−
]
, (2.60)
leading to the following linearised equations of motion
∂+∂−X + µ2X = 0 , ∂+∂−ξ + ∂−A+ − ∂+A− = 0 ,
∂−ξ − A− + τ−1(A−) = 0 , ∂+ξ + A+ − τ(A+) = 0 . (2.61)
15Anomaly freedom is equivalent to Tr(τ(a)τ(b)) = Tr(ab), for all a, b ∈ h.
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It is easy to see that it is possible again to set A± = 0 by combining the equations of motion
and the gauge freedom.16 Once A± = 0, it follows from (2.61) that ξ is non-propagating, i.e.
the physical asymptotic states are again those of the coset components X .
Fixing the A+ = 0 (or A− = 0) gauge in the asymmetrically gauged action containing
(2.58) we observe that the dependence on the choice of τ -automorphism disappears so we
should end up with the same (gauge-independent) S-matrix as in the symmetrically gauged
case discussed above.
To give an explicit example, let us consider the case with G/H = SO(3)/SO(2) embedded
into F = SO(4) (cf. section 2.5). Fixing the H-gauge on g as in [1] we may parametrize it
in terms of two coset coordinates φ, u 17
g = euT
′
3e2ϕT
′
1euT
′
3 , T ′I =
√
2TI , (2.62)
where T1 is one of two coset generators and T3 is a generator of h = so(2) (TI are defined as
in (2.50)). Starting with the symmetrically gauged action (2.9) and integrating out A± we
get
L˜csg = 4
(
∂+ϕ∂−ϕ+ cot2 ϕ ∂+u∂−u+
µ2
2
cos 2ϕ
)
. (2.63)
The expansion of this Lagrangian near the trivial vacuum g = 1, i.e. ϕ = u = 0 is
obviously singular.18 For an abelian H the non-trivial choice of the τ -automorphism is
τ(h) = −h, τˆ (h) = h−1 leading to the “axially” gauged theory. Starting from (2.9) with
A+A− replaced according to (2.58) by −A+A−, choosing the condition on g (now fixing the
axial gauge symmetry g → h−1gh−1) as
g = e−uT
′
3e2ϕT
′
1euT
′
3 , (2.64)
and integrating out A± we then get, instead of (2.63), the complex sine-Gordon model
Lcsg = 4
(
∂+ϕ∂−ϕ+ tan2 ϕ ∂+u∂−u+
µ2
2
cos 2ϕ
)
. (2.65)
This Lagrangian has a regular expansion near ϕ = u = 0, i.e. in the asymmetrically gauged
case the choice of the gauge (2.62) is non-singular for the purpose of computing the S-matrix.
One can check directly that the resulting S-matrix for (2.65) is the same as found above
in the A+ = 0 gauge in the symmetrically gauged case, in agreement with the gauge-
independence of the S-matrix and the above observation that the S-matrix in the A+ = 0
gauge should not depend on a choice of the τ -automorphism. Indeed, expanding (2.65) and
introducing the two “cartesian” coordinates za with the standard normalization of the kinetic
term via z1 + iz2 = 2
√
2ϕ eiu we get (cf. (2.35),(2.52))19
Lcsg = 1
2
∂+za∂−za− µ
2
2
zaz
a+
1
24
(δacδbd−δadδbc)zazc∂+zb∂−zd+ µ
2
48
zaz
azbz
b+O(z5) . (2.66)
16For example, we may start by fixing the A+ = 0 gauge. The residual gauge freedom (with parameter
ǫ(x−)) can be fixed by demanding that (A−−∂−ξ)(0, x−) = 0. From the second equation we then have that
∂+ (∂−ξ −A−) = 0, which implies A− = ∂−ξ for all x+. The third equation then implies that τ−1(A−) =
0 ⇒ A− = 0.
17 This is effectively a gauge choice on η in (2.21) relating X and ξ.
18The singularity in the second term is due to the degeneration of −g−1A+gA− + A+A− term in (2.9)
near g = 1.
19 One may start of course directly from the well-known alternative parametrization of (2.65) ψ =
2
√
2 sin ϕeiu = z + O(z3) where Lcsg = 14 ∂+ψ∂−ψ
∗
+∂−ψ∂+ψ
∗
1− 1
8
|ψ|2 − µ
2
2
|ψ|2 . The quartic expansion of this La-
grangian is related to (2.66) by a local field redefinition that does not affect the S-matrix.
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This Lagrangian then leads to the same tree-level two-particle S-matrix (2.53) as the sym-
metrically gauged SO(3)/SO(2) model.
Let us note that in the case when H is abelian the sigma models obtained by integrating
out A± in the symmetric and asymmetric gauged actions are related by the T-duality (or
the scalar-scalar 2-d duality). This is evident, e.g., from comparing (2.63) and (2.65) (see
also [49, 1]). This duality, in general, may map fluctuations near a trivial vacuum of one
model into fluctuations near a non-trivial background of its dual.
The perturbative S-matrix of the complex sine-Gordon model was discussed in [50] and its
exact non-perturbative (solitonic) generalisation in [41]. In particular, this theory contains
non-topological solitons whose small-charge limits are the elementary excitations near the
trivial vacuum we discussed above. Therefore, an appropriate limit of the full CsG S-matrix
should agree with (2.53) for N = 3. Note that this case is different from the sine-Gordon
model where the solitons are topological, i.e. they interpolate between different vacua and
thus do not reduce to elementary excitations in any limit.20
3 Expansion of action of reduced form of
AdS5 × S5 superstring model
Let us now turn to the fermionic extension (1.3) of the gWZW model with integrable poten-
tial (2.9) arising from the Pohlmeyer reduction of the AdS5 × S5 superstring sigma model
[1, 2]. The fields in this action are related to the currents of the superstring sigma model
based on the supercoset PSU(2,2|4)
Sp(2,2)×Sp(4) . We shall use a particular matrix representation for
these fields – the same as in [1, 4, 5]. We shall start with recalling the basic definitions and
notation and then work out the expansion of the action in components, generalizing (2.35)
to include the fermionic terms in (1.4).
3.1 Setup and notation
The bosonic part of the supercoset Fˆ
G
= PSU(2,2|4)
Sp(2,2)×Sp(4) is
F
G
= SU(2,2)×SU(4)
Sp(2,2)×Sp(4) . The Pohlmeyer
reduction of the bosonic part produces the direct sum of the two models of the type discussed
in section 2:
F
(1)
= SU(2, 2) ,
G
(1)
H
(1)
= Sp(2,2)
SU(2)×SU(2) ,
F(2) = SU(4) ,
G
(2)
H
(2)
= Sp(4)
SU(2)×SU(2) .
(3.1)
The fields of these two models can be described together as 4× 4 blocks of 8× 8 matrices in
the fundamental representation of Fˆ = PSU(2, 2|4) (see [1, 4, 5] for details). Schematically,
f ∈ PSU(2, 2|4) is represented by(
SU(2, 2) Grassmann
Grassmann SU(4)
)
. (3.2)
The corresponding algebra fˆ = psu (2, 2 |4) admits a Z4 decomposition [37]
fˆ = f0 ⊕ f1 ⊕ f2 ⊕ f3, [fi, fj] = fi+j mod 4 , (3.3)
20 While the vacuum structure of the two models is formally the same, the kinetic term in CsG model
prohibits solitons interpolating between two vacua.
18
where f0, f2 are bosonic and f1, f3 are fermionic. These subspaces relate to those of section
2 as follows: f0 = g = sp(2, 2)⊕ sp(4) and f2 = p is the orthogonal complement of g in the
bosonic part f = su(2, 2) ⊕ su(4) of the superalgebra, i.e. p is the part of the algebra that
corresponds to the coset space AdS5 × S5.
The reduced action (1.3) is constructed using the supertrace
STr(f) =
4∑
i=1
fii −
8∑
i=5
fii , (3.4)
The matrix T from the maximal abelian subalgebra of p satisfying the required properties
is chosen as in [1]
T =
(
T
(1)
0
0 T
(2)
)
, T(1) = T(2) =
i
2
diag (1, 1, −1, −1) , T 2 = −1
4
I . (3.5)
With this choice Tr(T
(1,2)
)2 = −1, i.e. n0 = 1 in (2.5). As in section 2, the subgroup H of
G = Sp(2, 2)×Sp(4) has the algebra h defined to be the centralizer of T . Here H = SU(2)4,
which is embedded into 8× 8 matrix representation of Fˆ = PSU(2, 2|4) as follows


SU(2)
(1)
0 0 0
0 SU(2)
(1′)
0 0
0 0 SU(2)
(2)
0
0 0 0 SU(2)
(2′)

 . (3.6)
As discussed in [1], fˆ admits also an orthogonal Z2 decomposition
fˆ = fˆ⊥ ⊕ fˆ‖ , [ˆf⊥, fˆ⊥] ⊂ fˆ⊥ , [ˆf‖, fˆ‖] ⊂ fˆ⊥ , [ˆf⊥, fˆ‖] ⊂ fˆ‖ , (3.7)
defined by T as follows (f ∈ fˆ)
f = f⊥ + f‖ , [T, f⊥] = 0 , {T, f‖} = 0 , (3.8)
i.e. [T, f ‖] = 2Tf ‖, STr(f⊥f ‖) = 0, etc. Each of the subspaces in (3.3) then splits into ⊥
and ‖ parts and we can make the following identifications of the bosonic subspaces with the
ones in (2.1),(2.2)
f⊥0 = h = su(2)⊕ su(2)⊕ su(2)⊕ su(2) , f‖0 = m , f⊥2 = a = {T} , f‖2 = n . (3.9)
The particular bases for f
‖
0, f
‖
1, f
‖
3 that we use are given in Appendix B.
3.2 Fermionic part of the action
The action for the Pohlmeyer reduction of the AdS5 × S5 superstring sigma model is given
by (1.3) where
g ∈ G = Sp(2, 2)×Sp(4) , A± ∈ f⊥0 = su(2)⊕su(2)⊕su(2)⊕su(2) , ψR ∈ f‖1 , ψL ∈ f‖3 .
(3.10)
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These fields originate from particular components of the psu (2, 2 |4) currents [1].21
The expansion of the bosonic part of the action, i.e. (2.9), was already discussed in section
2 and here we turn to the fermionic part given by
SF = k
∫
d2x LF , LF = STr
(
ψ
L
TD+ψL + ψRTD−ψR + µg
−1ψ
L
gψ
R
)
. (3.11)
The full action (1.3) is invariant under the H-gauge transformations (2.10) with ψ
R
and ψ
L
transforming as
ψ
R
→ h−1ψ
R
h , ψ
L
→ h−1ψ
L
h . (3.12)
To expand (3.11) near g = 1 we use again (2.13),(2.21), i.e.
g = eη, η = X + ξ ∈ f0 , X ∈ f‖0 , ξ ∈ f⊥0 . (3.13)
Then (cf. (2.14))
LF = STr
(
ψ
L
T∂+ψL + ψRT∂−ψR + ψLT [A+, ψL ] + ψRT [A−, ψR] + µ ψLe
Dη(ψ
R
)
)
. (3.14)
As our aim is to compute the two-particle S-matrix for the physical fields (X,ψ
L
, ψ
R
) we
need to expand the action to quartic order in the fields only (LF =
∑
nL(n)F )
L(2)F = STr
(
ψ
L
T∂+ψL + ψRT∂−ψR + µ ψLψR
)
,
L(3)F = STr
(
A+[ψL , ψLT ] + A−[ψR , ψRT ] + µ ξ[ψR, ψL ]
)
,
L(4)F = STr
(
µ
2
ψ
L
[X, [X, ψ
R
]] + µ
2
ψ
L
[ξ, [ξ, ψ
R
]]
)
.
(3.15)
As follows from the quadratic Lagrangian, the fermions ψ
R
, ψ
L
have the same mass µ as the
bosons X (cf. (2.23)): their linearized equations of motion are
∂+ψL = 2µTψR , ∂−ψR = 2µTψL , ∂+∂−ψL,R + µ
2ψ
L,R
= 0 . (3.16)
3.3 Gauge fixing and equivalent local Lagrangian
Following the discussion in section 2 we will choose the gauge A+ = 0, now in the complete
action (1.3) including the fermions. We can then integrate out A− getting a constraint on ξ
which generalizes (2.26)
− ∂+ξ + 1
2
[X, ∂+X ] + [ψR , ψRT ] +
1
2
[ξ, ∂+ξ] + ... = 0 . (3.17)
This constraint allows us to eliminate ξ from the action using (cf. (2.27))
ξ =
1
2
1
∂+
[X, ∂+X ] +
1
∂+
[ψ
R
, ψ
R
T ] + ... . (3.18)
21The coset parts of the currents that solve the Virasoro condition are P+ = µT, P− = µg−1Tg; A± are
h parts of the currents (which are subject to the Maurer-Cartan condition in the first-order formulation).
The fermionic fields are equal (up to 1√
µ
factor) to the components of the fermionic currents subject to a
particular κ-symmetry gauge.
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Dots here stand for higher order terms we will not need. From the expansion of the bosonic
(2.22),(2.24),(2.25) and the fermionic (3.15) parts of the action we then get the gauge-fixed
Lagrangian for X,ψ
L
, ψ
R
that generalizes (2.28) and again contains no cubic interaction
terms, i.e. L = L4 +O(X5, X3ψ2, ...), where
L4 =STr
( 1
2
∂+X∂−X − µ
2
2
X2 + ψ
L
T∂+ψL + ψRT∂−ψR + µψLψR
+
1
8
[X, ∂+X ]
∂−
∂+
[X, ∂+X ] +
1
4
[∂−X, ∂+X ]
1
∂+
[X, ∂+X ]
− 1
24
[X, ∂+X ][X, ∂−X ] +
µ2
24
[X, [X, T ]]2
+
1
4
[X, ∂+X ]
∂−
∂+
[ψ
R
, ψ
R
T ] +
1
4
[ψ
R
, ψ
R
T ]
∂−
∂+
[X, ∂+X ]
+
1
2
[∂−X, ∂+X ]
1
∂+
[ψ
R
, ψ
R
T ] +
µ
2
[ψ
R
, ψ
L
]
1
∂+
[X, ∂+X ]− µ
2
[X, ψ
L
][X, ψ
R
]
+
1
2
[ψ
R
, ψ
R
T ]
∂−
∂+
[ψ
R
, ψ
R
T ] + µ[ψ
R
, ψ
L
]
1
∂+
[ψ
R
, ψ
R
T ]
)
.
(3.19)
As in (2.28) we can use integration by parts to put the bosonic part of (3.19) into the
manifestly local form (2.29). The quartic terms containing fermions can also be simplified
with the help of integration by parts and field redefinitions that amount to use of the lin-
earized equations of motion ∂+∂−X +µ2X = 0 and (3.16) in the quartic terms in (3.19) (see
Appendix A).22 The result is an equivalent local Lagrangian (1.4) which leads to the same
two-particle S-matrix
L′4 =STr
( 1
2
∂+X∂−X − µ
2
2
X2 + ψ
L
T∂+ψL + ψRT∂−ψR + µψLψR
+
1
12
[X, ∂+X ][X, ∂−X ] +
µ2
24
[X, [X, T ]]2
− 1
4
[ψ
L
T, ψ
L
][X, ∂+X ]− 1
4
[ψ
R
, Tψ
R
][X, ∂−X ]− µ
2
[X, ψ
R
][X, ψ
L
]
+
1
2
[ψ
L
T, ψ
L
][ψ
R
, Tψ
R
]
)
.
(3.20)
We expect that this procedure can be continued to all orders in the fields, i.e. the all-order
generalization of (3.19) can be transformed into a local Lagrangian for X,ψ
L
, ψ
R
having the
same S-matrix as by the equivalence theorem [51].23
Like the bosonic Lagrangian (2.29), the Lagrangian (3.19) or (3.20) is invariant under the
residual global H = SU(2)4 symmetry transformations (cf. (2.30),(3.6))
X → h−1Xh , ψ
L
→ h−1ψ
L
h , ψ
R
→ h−1ψ
R
h , h = const ∈ H , (3.21)
and so that the resulting S-matrix should then have at least SU(2)4 global symmetry.
22For example, if we have a quartic term containing [X, ∂+∂−X ] we can ignore it: if X satisfies the
linearised equations of motion then ∂+∂−X ∝ X and thus such term vanishes. Equivalently, such term can
be removed by a field redefinition.
23As in the purely bosonic case, this expectation is supported by the fact that in the gauge where the
local H symmetry is fixed on g, the integration over A± produces a local Lagrangian for the coset degrees
of freedom and the fermions [1].
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Let us now write the Lagrangian (3.20) in component notation as in (2.35). We shall
decompose X and ψ
R
, ψ
L
into parts which transform in the bi-fundamental representations
of pairs of the four SU(2) groups that form H ,
X = Y + Z , ψ
R
= ζ
R
+ χ
R
, ψ
L
= ζ
L
+ χ
L
, (3.22)
where the fields Y, Z, ζ
R
, χ
R
, ζ
L
, χ
L
may be identified as 2 × 2 blocks of the 8 × 8 matrix of
psu (2, 2 |4), see [4] for details. Schematically, we then have for a corresponding matrix in
psu (2, 2 |4) (cf. (3.6)) 

su(2)
(1)
Y 0 ζ
Y su(2)
(1′)
χ 0
0 χ su(2)
(2)
Z
ζ 0 Z su(2)
(2′)

 . (3.23)
The explicit bases of the relevant subspaces of psu (2, 2 |4) are given in Appendix B. Y and
Z each represent 4 bosonic degrees of freedom of the reduced theory for AdS5 and S
5 parts
respectively, while the 4 components of ζ
L,R
and 4 components of χ
L,R
are the fermions that
“intertwine” them.
One way to write the component Lagrangian in a simple form is to formally identify the
actions of the pairs of SU(2) subgroups ofH as SU(2)
(1)
= SU(2)
(2)
and SU(2)
(1′)
= SU(2)
(2′)
in (3.6) leaving a single “diagonal” SU(2)×SU(2) subgroup of H . Then (3.23) implies that
all the physical fields will be in the same bi-fundamental representation of this SU(2)×SU(2)
which is locally isomorphic to SO(4), with the bi-fundamental representation of the former
being the same as the vector representation of the latter. In this way we can rewrite the
theory so that all the fields (Y, Z, ζ
R
, χ
R
, ζ
L
, χ
L
) are labelled by indices of the same vector
representation of this SO(4) group.
Using the basis of the psu (2, 2 |4) defined in Appendix B, we may introduce the component
fields as follows
Y = Y mTAm , Z = Z
mT Sm ,
ζ
R
= e
ipi
4 ζm
R
TR1m , χR = e
ipi
4 χm
R
TR2m ,
ζ
L
= e
ipi
4 ζm
L
TL1m , χL = e
ipi
4 χm
L
TL2m .
(3.24)
We will use m,n, ... = 1, 2, 3, 4 for SO(4) vector indices which will be raised and lowered
with δmn. Y
m and Zm are real bosonic fields and ζm
R
, ζm
L
, χm
R
and χm
L
are real (hermitian)
Grassmann fields. Making use of the identities in Appendix B we can then rewrite (3.20) as
L′4 =
1
2
∂+Y
m∂−Ym − µ
2
2
Y mYm +
1
2
∂+Z
m∂−Zm − µ
2
2
ZmZm
+
i
2
ζm
L
∂+ζLm +
i
2
ζm
R
∂−ζRm +
i
2
χm
L
∂+χLm +
i
2
χm
R
∂−χRm − iµζmL ζRm − iµχmL χRm
− 1
12
(Y mY p∂+Y
n∂−Y q − ZmZp∂+Zn∂−Zq) (δmpδnq − δmqδnp)
− µ
2
24
(Y mYmY
nYn − ZmZmZnZn) (3.25)
− i
16
Cmnpq
(
ζm
L
ζn
L
Y p∂+Y
q + ζm
R
ζn
R
Y p∂−Y q + ζmL ζ
q
L
Zn∂+Z
p + ζm
R
ζq
R
Zn∂−Zp
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+ χm
L
χq
L
Y p∂+Y
n + χm
R
χq
R
Y p∂−Y n + χmL χ
n
L
Zq∂+Z
p + χm
R
χn
R
Zq∂−Zp
)
+
iµ
8
(ζm
R
ζ
Lm + χ
m
R
χ
Lm)(Y
nYn − ZnZn) + iµ
4
Cmnpq(ζ
m
R
χp
L
Y qZn − χm
R
ζp
L
Y nZq)
+
1
8
ǫmnpq(ζ
m
L
ζn
L
ζp
R
ζq
R
− χm
L
χn
L
χp
R
χq
R
) ,
where
Cmnpq ≡ −ǫmnpq − δmpδnq + δmqδnp + δmnδpq . (3.26)
This component form of the Lagrangian (3.20) has the advantage of simplicity but it has
only SO(4) or SU(2)×SU(2) part of global symmetry H as its manifest symmetry – another
SU(2)× SU(2) is hidden.
It is possible to write (3.20) also in a manifestly SU(2)4 invariant form by trading each
SO(4) index for a pair of SU(2) ones so as to make it explicit that the fields belong to
bi-fundamental representations of the four SU(2) groups according to (3.23). To do so let
us introduce the indices a, a˙, α, α˙ corresponding to the fundamental representations of the
four SU(2)’s in (3.6). Then we may re-label the fields as follows24
Y m = (σ¯m)a˙aYaa˙ , Yaa˙ = (σm)aa˙Y
m ,
Zm = (σ¯m)α˙αZαα˙ , Zαα˙ = (σm)αα˙Z
m ,
ζm = (σ¯m)α˙aζaα˙ , ζaα˙ = (σm)aα˙ζ
m ,
χm = (σ¯m)a˙αχαa˙ , χαa˙ = (σm)αa˙χ
m
(3.27)
where (Yaa˙)
∗ = Y a˙a, etc. The explicit result of the translation of (3.25) into this manifestly
SU(2)4 invariant form is
L′4 =
1
2
∂+Yaa˙∂−Y a˙a − µ
2
2
Yaa˙Y
a˙a +
1
2
∂+Zαα˙∂−Z α˙α − µ
2
2
Zαα˙Z
α˙α
+
i
2
ζ
Laα˙∂+ζ
α˙a
L
+
i
2
ζ
Raα˙∂−ζ
α˙a
R
+
i
2
χ
Lαa˙∂+χ
a˙α
L
+
i
2
χ
Rαa˙∂−χ
a˙α
R
− iµζ
Laα˙ζ
α˙a
R
− iµχ
Lαa˙χ
a˙α
R
− 1
12
(
Yaa˙Y
a˙a∂+Ybb˙∂−Y
b˙b − Yaa˙∂+Y a˙aYbb˙∂−Y b˙b +
µ2
2
Yaa˙Y
a˙aYbb˙Y
b˙b
)
+
1
12
(
Zαα˙Z
α˙α∂+Zββ˙∂−Z
β˙β − Zαα˙∂+Z α˙αZββ˙∂−Z β˙β +
µ2
2
Zαα˙Z
α˙αZββ˙Z
β˙β
)
+
i
8
(
ζ
Laα˙ζL
α˙bY b˙a∂+Ybb˙ + ζRaα˙ζR
α˙bY b˙a∂−Ybb˙ + µ ζRaα˙ζ
α˙a
L
Ybb˙Y
b˙b
)
(3.28)
− i
8
(
ζ
Laα˙ζL
β˙aZ α˙β∂+Zββ˙ + ζRaα˙ζR
β˙aZ α˙β∂−Zββ˙ + µ ζRaα˙ζ
α˙a
L
Zββ˙Z
β˙β
)
+
i
8
(
χ
Lαa˙χL
b˙αY a˙b∂+Ybb˙ + χRαa˙χR
b˙αY a˙b∂−Ybb˙ + µχRαa˙χ
a˙α
L
Ybb˙Y
b˙b
)
− i
8
(
χ
Lαa˙χL
a˙βZ β˙α∂+Zββ˙ + χRαa˙χR
a˙βZ β˙α∂−Zββ˙ + µχRαa˙χ
a˙α
L
Zββ˙Z
β˙β
)
24The 2-indices are raised and lowered with the antisymmetric tensors ǫab, etc., i.e. F a = ǫabFb, Fb =
ǫbcF
c. Dotted and undotted indices are assumed to be completely independent. We use the convention that
ǫ12 = 1, ǫ12 = −1, ǫabǫbc = δac and the rescaled set of Pauli matrices
σ1 = σ¯1 =
1√
2
(
1 0
0 1
)
, σ2 = −σ¯2 = 1√
2
(
0 1
−1 0
)
, σ3 = −σ¯3 = 1√
2
(
0 i
i 0
)
, σ4 = −σ¯4 = 1√
2
(
i 0
0 −i
)
.
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+
iµ
2
(
ζ
Raα˙χLβb˙Y
b˙aZ α˙β − χ
Rαa˙ζLbβ˙Y
a˙bZ β˙α
)
+
1
2
(
ζ
Laα˙ζLbβ˙ζ
α˙b
R
ζ β˙a
R
− χ
Lαa˙χLβb˙χ
a˙β
R
χb˙α
R
)
.
The Lagrangian (3.25) or (3.28) is also manifestly 2-d Lorentz invariant, assuming that the
fermions transform as Majorana-Weyl 2-d spinors [1].
The original reduced model [4] was shown to be UV finite to the two-loop order (and
conjectured to be finite to all orders) in [4]; the same should of course be true also for its
gauge-fixed version (3.20) or (3.25). This implies that the corresponding quantum S-matrix
should be finite, i.e. should depend only on the original tree-level mass scale µ.
3.4 Special cases: reduced Lagrangians for AdS2×S2 and AdS3×S3
Let us now look at some special cases of (3.25) corresponding to the reductions of the
superstring theory on AdS2 × S2 [1] and on AdS3 × S3 [3].
Replacing PSU(2, 2|4) with PSU(1, 1|2) gives superstring theory on AdS2 × S2 and the
corresponding reduced theory can be identified [1] with the (2,2) supersymmetric sine-Gordon
model [46]. Its Lagrangian may be written as [1]25
L = 2
[
∂+φ∂−φ+ ∂+ϕ∂−ϕ+
µ2
2
(cos 2ϕ− cosh 2φ) + i α∂−α + i δ∂−δ + i ν∂+ν + i ρ∂+ρ
− 2iµ
(
cosh φ cosϕ (νδ + ρα) + sinhφ sinϕ (−ρδ + να)
)]
. (3.29)
Here φ, ϕ are real bosonic fields and α, δ, ν, ρ are real (hermitian) fermions. Expanding this
Lagrangian to quartic order, rescaling the fields by 1
2
and renaming them, one finds that it
becomes the same as (3.25) if all SO(4) indices there take just only one value, i.e.
L4 =1
2
∂+Y ∂−Y − µ
2
2
Y 2 +
1
2
∂+Z∂−Z − µ
2
2
Z2
+
i
2
ζ
L
∂+ζL +
i
2
ζ
R
∂−ζR +
i
2
χ
L
∂+χL +
i
2
χ
R
∂−χR − iµζLζR − iµχLχR
− µ
2
24
(Y 4 − Z4) + iµ
8
(ζ
R
ζ
L
+ χ
R
χ
L
)(Y 2 − Z2) + iµ
4
(ζ
R
χ
L
− χ
R
ζ
L
)Y Z .
(3.30)
Like the action for (3.29), the action for (3.30) is thus invariant (2,2) supersymmetry. As
discussed in [1, 3, 4] it is an open question if the general action (1.3) and thus (3.25) may
also be invariant under (a properly defined) 2-d supersymmetry (cf. also section 5).
The action that arises from the Pohlmeyer reduction of the AdS3× S3 superstring theory
with asymmetric (axial) gauging of H = U(1) × U(1) can be found, e.g., by fixing a gauge
on g and integrating out A±. This gives a local Lagrangian (with regular expansion near the
trivial vacuum) which is a fermionic extension of the sum of the complex sine-Gordon and
25Compared to [1] we have redefined α → −e ipi4 α, δ → e ipi4 δ, ν → e ipi4 ν, ρ → e ipi4 ρ in order to get the
standard hermitian conjugation property (ab)∗ = b∗a∗ for the Grassmann fields, as opposed to the convention
(ab)∗ = a∗b∗ = −b∗a∗ used in [1]. This is also the origin of the e ipi4 factors in (3.24). Note also that in [1]
the Lagrangian was rescaled by a factor of 1
2
.
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the complex sinh-Gordon models (see [3] and section 2.6 for details)26
L= 2
[
∂+φ∂−φ+ tanh
2 φ ∂+v∂−v + ∂+ϕ∂−ϕ+ tan
2 ϕ ∂+u∂−u+
µ2
2
(cos 2ϕ− cosh 2φ)
+ i α∂−α + i β∂−β + i γ∂−γ + i δ∂−δ + i λ∂+λ+ i ν∂+ν + i ρ∂+ρ+ i σ∂+σ
− i tanh2 φ[∂+v (λν − ρσ)− ∂−v (αβ − γδ) ] (3.31)
+ i tan2 ϕ
[
∂+u (λν − ρσ)− ∂−u (αβ − γδ)
]
+ (sec2 ϕ− sech 2φ) (αβ − γδ) (λν − ρσ)− 2iµ
(
coshφ cosϕ (λγ + νδ + ρα + σβ)
+ sinhφ sinϕ
[
cos(v + u)(ρδ − σγ + λβ − να)− sin(v + u)(λα+ νβ − ργ − σδ)])] .
Here φ, ϕ, v, u are real commuting and α, β, γ, δ, λ, ν, ρ, σ are real anticommuting fields.
Expanding this to quartic order in “radial” directions φ, ϕ as in section 2.6 and using the
following field redefinition
Y1 = 2φ cosh v , Y2 = 2φ sinh v , Z1 = 2ϕ cosu , Z2 = 2ϕ sin u ,
(ζ1
R
, ζ2
R
, ζ1
L
, ζ2
L
, χ1
R
, χ2
R
, χ1
L
, χ2
L
) = 2(α, β, ρ, σ, δ, γ, ν, λ) , (3.32)
we conclude that the resulting Lagrangian becomes the same as (3.25) with m,n, p, q = 1, 2
(e.g., the terms containing ǫmnpq in (3.25) drop out).
4 Tree-level S-matrix of reduced theory
for AdS5 × S5 superstring
Starting with the component Lagrangian (3.25) it is straightforward to read-off the corre-
sponding tree-level two-particle S-matrix following the same steps as in section (2.4). Again,
we rescale the fields by 1√
k
and carry out the expansion of the S-matrix, (2.37), in powers of
1/k. The quadratic part of (3.25) describes 4+4 bosonic and 4+4 fermionic massive degrees
of freedom for which we have the following mode expansion (cf. (2.39))
Y m(x) =
∫
dp
2π
1√
2ǫ
(
amY pe
−i~p·~x + am†Y pe
i~p·~x
) ∣∣∣
ǫ= ǫp
,
ζm
L
(x) =
∫
dp
2π
1√
2ǫ
(
uζ
L
(p) amζpe
−i~p·~x + vζ
L
(p) am†ζp e
i~p·~x
) ∣∣∣
ǫ= ǫp
,
ζm
R
(x) =
∫
dp
2π
1√
2ǫ
(
uζ
R
(p) amζpe
−i~p·~x + vζ
R
(p) am†ζp e
i~p·~x
) ∣∣∣
ǫ= ǫp
,
(4.1)
where the fermionic wave functions have the following explicit form in terms of the rapidity
defined in (2.42)
uζ
L
(p) =
√
µ i e−
θ
2 , vζ
L
(p) = −√µ i e− θ2 , uζ
R
(p) =
√
µ e
θ
2 , vζ
R
(p) =
√
µ e
θ
2 , (4.2)
and
[amY p, a
n†
Y p′] = 2πδ
mnδ(p− p′) , {amζp, an†ζp′} = 2πδmnδ(p− p′) . (4.3)
26As in the AdS2 × S2 case discussed above we have redefined α → −α, β → −β and rescaled all the
fermions by e
ipi
4 compared to [3]. Again, an extra overall factor in the Lagrangian arises as we have not
rescaled it as was done in [3].
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There are also similar relations for Zm, χm
L
, χm
R
. Then the normal ordered quadratic Hamil-
tonian H2 has standard free oscillator form, i.e. its action on one-particle states is
H2a
m†
Φp
|0〉 = ǫp am†Φp |0〉 , (4.4)
where Φ stands for any of the fields Y, Z, ζ, χ.
As in the bosonic case in section (2.4), we will write the S-matrix in terms of the T-
matrix defined in (2.37), which is again determined by the normal-ordered quartic part of
(3.20). Plugging in the mode decompositions (4.1) we may compute the action of T on the
two-particle initial states
|Φm1 (p1)Φn2 (p2)〉 = 2
√
ǫp1ǫp2a
m†
Φ1
p1
an†
Φ2
p2
|0〉 . (4.5)
We shall again use the definition of rapidities in (2.46). For simplicity we will assume
p1 > p2 ⇔ θ1 > θ2. This leads to the expression for the T-matrix as a function of ϑ in terms
of one type of SO(4) vector indices which we present explicitly in Appendix C.
To write the T-matrix in the form exhibiting the full bosonic symmetry group SU(2)4 we
shall trade each SO(4) index for a pair of SU(2) ones so as to make it explicit that the fields
belong to the bi-fundamental representations of the four SU(2) groups according to (3.23)
as described in section 3.3 (see (3.27)). We present the resulting SU(2)4 invariant form of
the T-matrix in Appendix C. For example, we get
T
∣∣Yaa˙(p1)Ybb˙(p2)〉 = 14 sinhϑ
[(
2 sinh2
ϑ
2
δcaδ
d
b δ
c˙
a˙δ
d˙
b˙
− coshϑ(δcaδdb δd˙a˙δc˙b˙ + δdaδcbδc˙a˙δd˙b˙ )
) ∣∣Ycc˙(p1)Ydd˙(p2)〉
− sinh ϑ
2
(
δcaδ
d
b ǫa˙b˙ǫ
γ˙δ˙
∣∣ζcγ˙(p1)ζdδ˙(p2)〉+ ǫabǫγδδc˙a˙δd˙b˙ ∣∣χγc˙(p1)χδd˙(p2)〉
) ]
,
T
∣∣∣ζaα˙(p1)ζbβ˙(p2)〉 = 14 sinhϑ
[
− sinh ϑ
2
(
δcaδ
d
b ǫα˙β˙ǫ
c˙d˙
∣∣Ycc˙(p1)Ydd˙(p2)〉− ǫabǫγδδγ˙α˙δδ˙β˙ ∣∣Zγγ˙(p1)Zδδ˙(p2)〉
)
+ coshϑ
(
δcaδ
d
b δ
δ˙
α˙δ
γ˙
β˙
− δdaδcbδγ˙α˙δδ˙β˙
) ∣∣ζcγ˙(p1)ζdδ˙(p2)〉 ] ,
T
∣∣∣Yaa˙(p1)ζbβ˙(p2)〉 = 14 sinhϑ
[(
sinh2
ϑ
2
δcaδ
d
b δ
c˙
a˙δ
δ˙
β˙
− coshϑδdaδcbδc˙a˙δδ˙β˙
) ∣∣Ycc˙(p1)ζdδ˙(p2)〉
− cosh ϑ
2
δcaδ
d
b δ
d˙
a˙δ
γ˙
β˙
∣∣ζcγ˙(p1)Ydd˙(p2)〉− sinh ϑ2 ǫabǫγδδc˙a˙δδ˙β˙
∣∣χγc˙(p1)Zδδ˙(p2)〉 ] .
For a generic integrable theory with non-simple G1 ×G2 global symmetry and with fields
transforming in the bi-fundamental representation of this group the S-matrix should exhibit
group factorization property (see, e.g., [52, 18]).27 Such factorization indeed happens in
the light-cone gauge AdS5 × S5 superstring S-matrix which is invariant under the product
supergroup PSU(2|2)× PSU(2|2) [21, 17, 19, 22, 18].
Since the reduced theory is integrable, and the fields are in (different) bi-fundamental
representations of SU(2) × SU(2) subgroups of H = SU(2)4 we should expect at least
partial group factorization of the two-particle S-matrix here as well.
The field contents of the light-cone superstring and the reduced theories are identical in
how they transform under the bosonic symmetry group, SU(2)4. Therefore, we may expect
27Let us recall (see [22, 19]) that this can be understood as a requirement that the Faddeev-Zamolodchikov
algebra is also a direct product. Consider the field Faα where the index a is from G1 and α is from G2. Faα
may then be represented “on-shell” by a bilinear term uavα in oscillators, where ua transforms under G1
and vα transforms under G2 and the two sets of oscillators mutually commute. The braiding relations for
each of these sets are determined by an G1- or G2- invariant S-matrix consistent with the Lagrangian of the
theory.
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to find at least part of the factorisation of the S-matrix seen in the superstring theory to be
present in the reduced theory.
Remarkably, it turns out that we get exactly the same factorisation structure as in the
superstring case, [19]. In general, the S-matrix group factorisation
S = S˜⊗ S˜ , (4.6)
implies the following factorization of the leading term in the T-matrix (cf. (2.37))28
T = I⊗ T˜+ T˜⊗ I , (4.7)
To exhibit the factorization let us introduce the super-indices 29
A = (a|α) , A˙ = (a˙|α˙) ,
where the lower-case latin indices are Grassmann even and the greek indices are Grassmann
odd. We can then describe all of our fields in terms of one field ΦAA˙. The (centrally extended)
PSU(2|2)× PSU(2|2) factorisation (4.6) of the superstring S-matrix means that [19, 18]
SCC˙,DD˙
AA˙,BB˙
= (−1)[A˙][B]+[C˙][D]SCDABSC˙D˙A˙B˙ , (4.8)
so that the leading term in the T-matrix (4.7) can be written in the following compact form
T |ΦAA˙(p1)ΦBB˙(p2)〉 =
1
4 sinhϑ
[
(−1)[A˙]([B]+[D])TCDAB δC˙A˙δD˙B˙
+ (−1)([A˙]+[C˙])[D]δCAδDBT C˙D˙A˙B˙
]
|ΦCC˙(p1)ΦDD˙(p2)〉
(4.9)
Here [a] = [a˙] = 0 and [α] = [α˙] = 1 and the explicit form of the coefficient TCDAB can be
written in terms of ten arbitrary functions Ki of the kinematic variables (called A,B, ... in
[19])
T cdab = K1 δ
c
aδ
d
b +K2 δ
d
aδ
c
b ,
T γδαβ = K3 δ
γ
αδ
δ
β +K4 δ
δ
αδ
γ
β ,
T γδab = K5 ǫabǫ
γδ , T cdαβ = K6 ǫαβǫ
cd ,
T γdaβ = K7 δ
d
aδ
γ
β , T
cδ
αb = K8 δ
δ
αδ
c
b ,
T cδaβ = K9 δ
c
aδ
δ
β , T
γd
αb = K10 δ
γ
αδ
d
b .
(4.10)
Remarkably, the result for the reduced theory T-matrix that we found (and which is presented
in detail in Appendix C) has exactly the form (4.9),(4.10) with the functions Ki given by
K1 = −K3 = sinh2 ϑ2
K2 = −K4 = − cosh ϑ
K5 = K6 = − sinh ϑ2
K7 = K8 = − cosh ϑ2
K9 = −K10 = 0 .
(4.11)
28Here I is the identity operator.
29Again, dotted and undotted indices are completely independent, representing fundamental representa-
tions of the four independent SU(2) groups.
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The Pohlmeyer reduced theory (1.3) is 2-d Lorentz-invariant and therefore the functions Ki
depend only on the difference of the two rapidities ϑ = θ1−θ2 (we have assumed that θ1 > θ2
in (2.46)).
For comparison, the light-cone superstring T-matrix found by the explicit computation in
[19] has the form (4.9),(4.10) with Ki depending separately on the two rapidities:
30
K1 = −K3 = (sinh θ1 − sinh θ2)2
K2 = −K4 = 4 sinh θ1 sinh θ2
K5 = K6 = 4 sinh θ1 sinh θ2 sinh
θ1−θ2
2
K7 = K8 = 4 sinh θ1 sinh θ2 cosh
θ1−θ2
2
K9 = −K10 = − sinh2 θ1 + sinh2 θ2 .
(4.12)
Note that the vanishing of K9 and K10 in (4.10),(4.11) reflects the fact that the bosonic part
of the reduced theory in (3.28) is the direct sum of the “AdS” and “sphere” parts (which
separate as usual in the conformal gauge) while in the light-cone gauge superstring action
used in [19] the corresponding sets of the bosonic fields were coupled.31
It is somewhat unexpected to find that the reduced theory S-matrix has the same type
of group factorisation as the superstring theory S-matrix in [19] while its action (1.3) had
only the bosonic SU(2)4 group as its manifest symmetry.32 The reduced theory S-matrix in
(4.10),(4.11) has the obvious symmetry under interchanging different types of indices a→ α,
etc. (so that K1 → −K3, K2 → −K4, etc.) reminiscent of a boson-fermion symmetry and
exactly the same applied to the superstring case (4.12).
5 Concluding remarks and open problems
One of the main conclusions of the present paper is that there exists a special 2-d Lorentz
covariant S-matrix (corresponding to the local UV finite massive integrable theory (1.3))
whose algebraic structure is very similar to that of the S-matrix of the AdS5×S5 superstring
theory in the S5 light-cone gauge.
An obvious extension of our tree-level S-matrix computation is its analog at the 1-loop
level. To compute the 1-loop two-particle S-matrix for the elementary fields of the reduced
theory it is again enough to use the quartic Lagrangian (3.25) or (3.28). The reason is the
absence of cubic vertices and the cancellation of diagrams with tadpoles as the theory (1.3)
is UV finite [4]. Finding again the same group factorization of the 1-loop S-matrix would be
a non-trivial check of quantum integrability.
Let us now discuss some remaining issues and problems. An obvious question is if the two
S-matrices (with coefficients in (4.11) and (4.12) respectively) are related in some way. Since
they correspond to integrable theories and should thus satisfy (cf. [22]) the Yang-Baxter
30The difference in sign in K5 and K6 between (4.12) and [19] arises from the alternative definitions used
for ǫab, ǫαβ : we used ǫ12 = −1, whereas in [19] ǫ12 = 1. In [19] the expansion of the S-matrix was carried
out in powers of inverse string tension, 2pi√
λ
which played the role of the expansion parameter 1/k in (2.37).
31Note also that un-extended PSU(2|2) symmetry would imply, in particular, that K5 = K6 = 0 (cf. also
[53]). We thank N. Beisert and T. McLoughlin for this remark.
32The reduced theory coset (1.2) is purely bosonic, so any remaining fermionic supergroup symmetry (1.1)
of the superstring theory would be “hidden” here.
28
equation (which is, in general, quite constraining) it is likely that there is a transformation
mapping one into the other.
The group factorization structure of the reduced theory S-matrix we have found suggests
that the reduced theory should possess a hidden symmetry mixing bosons with fermions
like the PSU(2|2)× PSU(2|2) of the superstring case. Since the fermionic fields in (1.3) or
(3.28) have the standard first-order kinetic terms, a target-space symmetry relating them to
bosons cannot be realised in a simple local way at the Lagrangian level.33
A possible alternative to the existence of such an “on-shell” global fermionic target space
symmetry is a hidden global 2-d supersymmetry. Indeed, there is at least one special case in
which the reduced-theory S-matrix has 2-d supersymmetry – the truncation to the AdS2 ×
S2 case when the reduced Lagrangian (3.29) or (3.30) is equivalent to that of the (2,2)
supersymmetric sine-Gordon model. In this case the SO(4) indices in (3.25) take just one
value, and thus the SU(2) indices a, a˙, α, α˙ in (3.27),(3.28) also take a single value (so that
the T-matrix coefficients TCDAB in (4.10) simplify to K1 +K2, K3 +K4, etc).
In general, the action (1.3) or the SU(2)4 invariant quartic gauge-fixed Lagrangian (3.28)
cannot be directly invariant under the standard 2-d supersymmetry since the bosons and
the fermions are in different representations of the the global symmetry group [1, 3, 4].
This objection does not, however, apply to the special SO(4) invariant form of the gauge-
fixed Lagrangian in (3.25). It would be very interesting to check if the obvious linear 2-d
supersymmetry of the quadratic part of (3.25) (the same as in the plane-wave limit of the
AdS5 × S5 superstring action [14]) extends also to the quartic interaction level.34 It should
be straightforward to check for 2-d supersymmetry [54] in the SO(4) invariant form of the
S-matrix given in Appendix C.
As for the manifestly SU(2)4 invariant form of the action (3.28) where the basic fields
have indices of bi-fundamental representations of pairs of different SU(2) groups, one could
hope to realise a 2-d supersymmetry if one could represent them as products of 4+4 “pre-
fields” each transforming in the fundamental representation of one of the four SU(2) groups,
i.e., symbolically,35 Yaa˙ = B
i
aC
i
a˙, Zαα˙ = F
i
αG
i
α˙, and similarly for ζLaα˙, ζRaα˙, χαa˙, χRαa˙. Here
B,C, F,G are fermions and ζ and χ should be built of one fermion and one boson Then
a 2-d supersymmetry may be relating these doublet “pre-fields” having the same type of
SU(2) index. It may happen that some bosonisation/fermionization transformation applied
to (3.28) may produce a local Lagrangian for these “pre-fields” which would be invariant
under such 2-d supersymmetry.
As was mentioned in the Introduction, in attempting to find an exact quantum solution
of the reduced theory (1.3) it is natural to try to draw lessons from examples of massive
integrable deformations of coset CFT’s already studied in the literature [41, 26, 27] (see [35]
for a review). Almost all of the previous papers on this subject followed [27] in considering
G/H models with an abelian subgroup H . The massive deformations of the G/H gWZW
models investigated in [27] were selected so that to have two properties: (i) small fluctuations
33Note that the PSU(2|2)× PSU(2|2) symmetry on the string side appears as a symmetry of the corre-
sponding light-cone gauge Hamiltonian or on-shell spectrum [17, 19, 18] (see also [16] for earlier hints of this
symmetry at the level of the near plane wave spectrum) but not as a manifest symmetry of the gauge-fixed
string action.
34By analogy with (3.30) which is a direct truncation of (3.25) we may again expect to find (2,2) super-
symmetry, cf. Appendix B in [5].
35A somewhat similar bi-linear representation was mentioned in footnote 27, which commented on group
symmetry factorization of the S-matrix (cf. [19, 22]).
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near a vacuum should have massive spectrum, and (ii) all possible flat directions of the
potential should correspond only to gauge transformations. Since H is the global symmetry
of the action, any constant matrix
gvac = h0 ∈ H , h0 = const , (5.1)
represents a minimum of the potential in (2.9). Then the condition (ii) is equivalent to the
requirement that the vacuum configuration is unique up to a gauge transformation and this
then restricts H to be abelian and in addition one is to use an asymmetric (axial) gauging of
the WZW model [27]. Such (“symmetric space sine-Gordon”) models then have the complex
sine-Gordon model as its special case and have features similar to those of the latter theory
[41]: they have no vacuum degeneracy (no spontaneous symmetry breaking) and thus may
have non-topological solitons only. The latter carry abelian charges and in the small charge
limit smoothly reduce to the elementary field excitations around the unique vacuum. This
implies, in particular, that their exact S-matrix should have a smooth limit in which it
reduces to the perturbative S-matrix for the elementary excitations (cf. [41]).
For a non-abelian H as in case of the AdS5×S5 reduced model (1.2),(1.3) discussed in this
paper there is an H-orbit of a priori inequivalent vacua (5.1) and thus the corresponding
theory is expected to have topological solitons which interpolate between these different
vacua. As their quantization in 2-d is a potentially intricate problem, it is not clear if a
Lagrangian description is enough in this case to construct the corresponding exact quantum
S-matrices.36
An important feature of the present model (1.3) that may help to by-pass this potential
complication is that it should be viewed not just on its own but as a tool for solving the
original AdS5 × S5 superstring theory. The requirement of equivalence to the superstring
theory may provide an extra input to define the quantum version of the reduced theory.
Indeed, as discussed in [1, 5], all of these vacua of the reduced theory correspond to the same
string configuration – the “plane-wave” or BMN vacuum of the original superstring theory.37
Recall [1, 5] that when carrying out the reduction procedure by starting with the first-order
form of classical superstring equations one has initially H×H gauge symmetry g → h−1gh′,
etc., with independent h, h′ ∈ H . Half of that “on-shell” gauge symmetry is then gauge-
fixed to get the reduced equations in the form that can be derived from a local action (1.3).38
Before this partial gauge fixing it is always possible to choose the classical vacuum to be the
identity, g = 1, i.e. all choices in (5.1) are gauge-equivalent. While this is no longer so at the
level of the reduced theory action (1.3) one may argue that the information in the reduced
theory which is relevant for the original superstring should not be sensitive to a particular
choice of h0 in (5.1). In this case the reduced theory S-matrix computed in this paper by
expanding near g = 1 should thus have a universal meaning.
36 We are grateful to J.L. Miramontes for related comments and important explanations of these issues.
37This suggests, in particular, that apparent topological solitons of the reduced theory should either be
unphysical or, more generally, translate into non-topological solitons in the superstring theory (cf. relation
between the sine-Gordon soliton of reduced theory and the giant magnon soliton of string theory [40]).
38This fixing is not unique, and different gauge fixings give rise (to apparently equivalent) reduced theories
based on asymmetric gauging of the remaining groupH . In the non-abelian case there is a class of asymmetric
gaugings (for which the τ -automorphism takes the form τ(u) = h−10 uh0) that corresponds to effectively
changing one vacuum for another [5]: starting with the symmetrically gauged WZW action with τ = 1 and
expanding it near g = h0 is equivalent to starting with asymmetrically gauged action containing (2.58) with
τ(u) = h−10 uh0 and expanding it near g = 1. Such different gaugings were discussed already in [27] and their
relation (in the case of abelian H) to T-duality was further clarified in [49].
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One of the central issues is that of a precise relation between the string-theory and the
reduced-theory observables and parameters. In particular, in comparing the reduced and
the superstring S-matrices in section 4 we assumed, following [4], that the overall constant k
in (1.3) is directly related to the string tension
√
λ
2π
. However, in a G/H gauged WZW model
with compact G or at least compact non-abelian H the constant k should be quantized [55];
that quantization plays an important role also in the present context of massive deformations
of gWZW models as was emphasized in [41, 26]. At the same time, there is no reason to
expect quantization of the string tension in the original AdS5×S5 string theory. One possible
way out is to assume that k is an additional hidden parameter while the string tension should
enter only through µ, i.e. in a combination with an arbitrary mass scale. Given that the
classical target-space symmetry charges (or rather Casimirs) of the original string theory are
“hidden” in the reduced theory, the precise translation between the observables should be
non-trivial. Then the string tension may not appear directly in the reduced theory action
but rather in the corresponding definition of string observables in terms of reduced theory
ones.
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Appendix A Simplification of quartic Lagrangians
Here we will show how to transform the Lagrangian (2.28) to (2.29) using integration by
parts. We will also illustrate the steps (integration by parts and use of linearised equations
of motion in the quartic terms) that allow one to put (3.19) into the form (3.20) leading to
the equivalent tree-level two-particle S-matrix. Below we will ignore total derivatives and
for simplicity of presentation omit the overall trace (that allows to rearrange terms using
cyclicity property).
The quartic term in (2.28) may be written as
1
8
[X, ∂+X ]
∂−
∂+
[X, ∂+X ] +
1
4
[∂−X, ∂+X ]
1
∂+
[X, ∂+X ]− 1
24
[X, ∂+X ][X, ∂−X ]
=
1
8
[X, ∂+X ]
∂−
∂+
[X, ∂+X ] +
1
4
∂− ([X, ∂+X ])
1
∂+
[X, ∂+X ]
− 1
4
[X, ∂+∂−X ]
1
∂+
[X, ∂+X ]− 1
24
[X, ∂+X ][X, ∂−X ]
= −1
8
[X, ∂+X ]
∂−
∂+
[X, ∂+X ]− 1
4
[X, ∂+∂−X ]
1
∂+
[X, ∂+X ]− 1
24
[X, ∂+X ][X, ∂−X ] .
(A.1)
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Using that
∂−
∂+
[X, ∂+X ] =
1
∂+
(
[∂−X, ∂+X ] + [X, ∂+∂−X ]
)
=
1
∂+
(
∂+[∂−X, X ]− 2[∂+∂−X, X ]
)
= −[X, ∂−X ] + 2 1
∂+
[X, ∂+∂−X ] ,
(A.2)
we find that the non-local parts in the quartic term cancel and we end up with the single
term
1
12
[X, ∂+X ][X, ∂−X ] . (A.3)
Let us now discuss the fermionic terms in (3.19). Here we will use linearised equations of
motion to simplify the quartic terms. For example, since ∂+∂−X ∝ X , we may set terms
with [X, ∂+∂−X ] to zero. Using the linearised fermionic equations of motion (3.16) and the
fact that T anticommutes with ψ
R
and ψ
L
we may show that
[ψ
R
, ψ
L
] =
4
µ2
[T∂+ψL , T∂−ψR ] = −
4T 2
µ2
[∂+ψL , ∂−ψR ]
=
1
µ2
∂+[ψL , ∂−ψR ]−
1
µ2
[ψ
L
, ∂+∂−ψR ] =
1
µ2
∂+[ψL , ∂−ψR ] + [ψL , ψR ] .
(A.4)
This implies that we can make the formal substitutions in the quartic terms in the action
[ψ
R
, ψ
L
] → 1
2µ2
∂+[ψL , ∂−ψR] , [ψR , ψL ] →
1
2µ2
∂−[∂+ψL , ψR ] . (A.5)
We can then make the following transformations
1
4
[X, ∂+X ]
∂−
∂+
[ψ
R
, ψ
R
T ] +
1
4
[ψ
R
, ψ
R
T ]
∂−
∂+
[X, ∂+X ] +
1
2
[∂−X, ∂+X ]
1
∂+
[ψ
R
, ψ
R
T ]
=
1
2
[X, ∂+X ]
∂−
∂+
[ψ
R
, ψ
R
T ] +
1
2
∂− ([X, ∂+X ])
1
∂+
[ψ
R
, ψ
R
T ]
= ∂−
(1
2
[X, ∂+X ]
1
∂+
[ψ
R
, ψ
R
T ]
)
= 0 ,
(A.6)
where we have dropped a term containing [X, ∂+∂−X ], integrated by parts and ignored all
total derivatives. To give another example consider
µ
2
[ψ
R
, ψ
L
]
1
∂+
[X, ∂+X ] . (A.7)
Using (A.5),(A.2) this term may be written as
1
8µ
∂+[ψL , ∂−ψR ]
1
∂+
[X, ∂+X ] +
1
8µ
∂−[∂+ψL , ψR ]
1
∂+
[X, ∂+X ]
=− 1
8µ
[ψ
L
, ∂−ψR ][X, ∂+X ] +
1
8µ
[∂+ψL , ψR][X, ∂−X ] ,
(A.8)
where integration by parts and the identity (A.2) have also been used. Taking into account
the linearised fermionic equations of motion we finally get
−1
8
[2ψ
L
T, ψ
L
][X, ∂+X ]− 1
8
[ψ
R
, 2Tψ
R
][X, ∂−X ] . (A.9)
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Appendix B Basis for subspaces of psu (2, 2 |4)
Here we explicitly write out the basis for the relevant parts (f
‖
2, f
‖
1 and f
‖
3) of the superalgebra
psu (2, 2 |4) that we used in section 3.3.
An arbitrary element of bosonic subspace f
‖
2 can be written as
f
‖
2 (x1, x2, x3, x4, x5, x6, x7, x8) =

0 0 x1 + ix2 −x3 − ix4 0 0 0 0
0 0 −x3 + ix4 −x1 + ix2 0 0 0 0
x1 − ix2 −x3 − ix4 0 0 0 0 0 0
−x3 + ix4 −x1 − ix2 0 0 0 0 0 0
0 0 0 0 0 0 x5 + ix6 x7 + ix8
0 0 0 0 0 0 −x7 + ix8 x5 − ix6
0 0 0 0 −x5 + ix6 x7 + ix8 0 0
0 0 0 0 −x7 + ix8 −x5 − ix6 0 0


,
where xi are commuting parameters. An arbitrary element of fermionic subspace f
‖
1 is
f
‖
1 (α1, α2, α3, α4, α5, α6, α7, α8) =

0 0 0 0 0 0 α1 + iα2 α3 + iα4
0 0 0 0 0 0 −α3 + iα4 α1 − iα2
0 0 0 0 α5 − iα6 −α7 − iα8 0 0
0 0 0 0 −α7 + iα8 −α5 − iα6 0 0
0 0 −iα5 + α6 iα7 − α8 0 0 0 0
0 0 iα7 + α8 iα5 + α6 0 0 0 0
iα1 + α2 −iα3 + α4 0 0 0 0 0 0
iα3 + α4 iα1 − α2 0 0 0 0 0 0


,
where αi are anticommuting parameters. Then an arbitrary element of fermionic f
‖
3 is
f
‖
3 (α1, α2, α3, α4, α5, α6, α7, α8) = 2Tf
‖
1 (α1, α2, α3, α4, α5, α6, α7, α8)
Explicitly, we choose the following bases:
for f
‖
2
TA1 = f
‖
2
(
1
2
, 0, 0, 0, 0, 0, 0, 0
)
, TA2 = f
‖
2
(
0, 1
2
, 0, 0, 0, 0, 0, 0
)
,
TA3 = f
‖
2
(
0, 0, 1
2
, 0, 0, 0, 0, 0
)
, TA4 = f
‖
2
(
0, 0, 0, 1
2
, 0, 0, 0, 0
)
,
T S1 = f
‖
2
(
0, 0, 0, 0, 1
2
, 0, 0, 0
)
, T S2 = f
‖
2
(
0, 0, 0, 0, 0, 1
2
, 0, 0
)
,
T S3 = f
‖
2
(
0, 0, 0, 0, 0, 0, 1
2
, 0
)
, T S4 = f
‖
2
(
0, 0, 0, 0, 0, 0, 0, 1
2
)
,
for f
‖
1
TR11 = f
‖
1
(
1
2
, 0, 0, 0, 0, 0, 0, 0
)
, TR12 = f
‖
1
(
0, 1
2
, 0, 0, 0, 0, 0, 0
)
,
TR13 = f
‖
1
(
0, 0, 1
2
, 0, 0, 0, 0, 0
)
, TR14 = f
‖
1
(
0, 0, 0, 1
2
, 0, 0, 0, 0
)
,
TR21 = f
‖
1
(
0, 0, 0, 0, 1
2
, 0, 0, 0
)
, TR22 = f
‖
1
(
0, 0, 0, 0, 0, 1
2
, 0, 0
)
,
TR23 = f
‖
1
(
0, 0, 0, 0, 0, 0, 1
2
, 0
)
, TR24 = f
‖
1
(
0, 0, 0, 0, 0, 0, 0, 1
2
)
,
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for f
‖
3
TL11 = f
‖
3
(
1
2
, 0, 0, 0, 0, 0, 0, 0
)
, TL12 = f
‖
3
(
0, 1
2
, 0, 0, 0, 0, 0, 0
)
,
TL13 = f
‖
3
(
0, 0, 1
2
, 0, 0, 0, 0, 0
)
, TL14 = f
‖
3
(
0, 0, 0, 1
2
, 0, 0, 0, 0
)
,
TL21 = f
‖
3
(
0, 0, 0, 0, 1
2
, 0, 0, 0
)
, TL22 = f
‖
3
(
0, 0, 0, 0, 0, 1
2
, 0, 0
)
,
TL23 = f
‖
3
(
0, 0, 0, 0, 0, 0, 1
2
, 0
)
, TL24 = f
‖
3
(
0, 0, 0, 0, 0, 0, 0, 1
2
)
,
These generators satisfy a number of relations that we used in section 3.3 to write the
Lagrangian in component form (3.25)
STr(TAmT
A
n ) = δmn , STr(T
S
mT
S
n ) = δmn , STr(T
A
mT
S
n ) = 0 ,
STr(TR1m T
L1
n ) = δmn , STr(T
R2
m T
L2
n ) = δmn , STr(T
R1
m T
L2
n ) = 0 , STr(T
R2
m T
L1
n ) = 0 .
TL1m = 2T T
R1
m , T
R1
m = 2T
L1
m T , T
L2
m = 2T T
R2
m , T
R2
m = 2T
L2
m T ,
STr([TAm, T
A
n ][T
A
p , T
A
q ]) = −δmpδnq + δmqδnp , STr([T Sm, T Sn ][T Sp , T Sq ]) = δmpδnq − δmqδnp
STr([TAm, [T
A
n , T ]][T
A
p , [T
A
q , T ]]) = −δmnδpq , STr([T Sm, [T Sn , T ]][T Sp , [T Sq , T ]]) = δmnδpq ,
STr({TR1m , TL1n }[TAp , TAq ]) = −12ǫmnpq − 12δmpδnq + 12δmqδnp ,
STr({TR1m , TL1n }[T Sp , T Sq ]) = −12ǫmnpq + 12δmpδnq − 12δmqδnp ,
STr({TR2m , TL2n }[TAp , TAq ]) = 12ǫmnpq − 12δmpδnq + 12δmqδnp ,
STr({TR2m , TL2n }[T Sp , T Sq ]) = 12ǫmnpq + 12δmpδnq − 12δmqδnp ,
STr([TAm , T
R1
n ][T
A
p , T
L1
q ]) =
1
4
(ǫmnpq − δmnδpq − δmpδnq + δmqδnp) ,
STr([T Sm, T
R1
n ][T
S
p , T
L1
q ]) =
1
4
(ǫmnpq + δmnδpq + δmpδnq − δmqδnp) ,
STr([TAm , T
R2
n ][T
A
p , T
L2
q ]) =
1
4
(−ǫmnpq − δmnδpq − δmpδnq + δmqδnp) ,
STr([T Sm, T
R2
n ][T
S
p , T
L2
q ]) =
1
4
(−ǫmnpq + δmnδpq + δmpδnq − δmqδnp) ,
STr([TAm , T
R1
n ][T
S
p , T
L2
q ]) =
1
4
(−ǫmnpq − δmnδpq + δmpδnq − δmqδnp) ,
STr([T Sm, T
R1
n ][T
A
p , T
L2
q ]) =
1
4
(ǫmnpq − δmnδpq + δmpδnq − δmqδnp) ,
STr([TAm , T
R2
n ][T
S
p , T
L1
q ]) =
1
4
(−ǫmnpq + δmnδpq − δmpδnq + δmqδnp) ,
STr([T Sm, T
R2
n ][T
A
p , T
L1
q ]) =
1
4
(ǫmnpq + δmnδpq − δmpδnq + δmqδnp) ,
STr({TR1m , TL1n }{TR1p , TL1q }) = −ǫmnpq , STr({TR2m , TL2n }{TR2p , TL2q }) = ǫmnpq .
Appendix C T-matrix of reduced theory
for AdS5 × S5 superstring
Here we present the full expression for the T-matrix corresponding to the reduced Lagrangian
(3.25) or (3.28) first in the SO(4) notation and then in the manifest SU(2)4 notation.
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T-matrix in SO(4) form
Boson-Boson
T |Y r(p1)Y s(p2)〉 = 1
4 sinhϑ
[
− (δrmδsn + cosh ϑ (δsmδrn − δmnδrs)) |Y m(p1)Y n(p2)〉
+
1
2
sinh
ϑ
2
(ǫ rsmn + δ
r
mδ
s
n − δsmδrn + δmnδrs) |ζm(p1)ζn(p2)〉
+
1
2
sinh
ϑ
2
(−ǫ rsmn + δrmδsn − δsmδrn + δmnδrs) |χm(p1)χn(p2)〉
]
T |Zr(p1)Zs(p2)〉 = 1
4 sinhϑ
[
(δrmδ
s
n + cosh ϑ (δ
s
mδ
r
n − δmnδrs)) |Y m(p1)Y n(p2)〉
+
1
2
sinh
ϑ
2
(ǫ rsmn − δrmδsn + δsmδrn − δmnδrs) |ζm(p1)ζn(p2)〉
+
1
2
sinh
ϑ
2
(−ǫ rsmn − δrmδsn + δsmδrn − δmnδrs) |χm(p1)χn(p2)〉
]
T |Y r(p1)Zs(p2)〉 = 1
4 sinhϑ
[1
2
cosh
ϑ
2
(−ǫ rsmn − δmnδrs + δrmδsn + δsmδrn) |ζm(p1)χn(p2)〉
+
1
2
cosh
ϑ
2
(−ǫ rsmn + δmnδrs − δrmδsn − δsmδrn) |χm(p1)ζn(p2)〉
]
Fermion-Fermion
T |ζr(p1)ζs(p2)〉 = 1
4 sinhϑ
[1
2
sinh
ϑ
2
(ǫ rsmn + δ
r
mδ
s
n − δsmδrn + δmnδrs) |Y m(p1)Y n(p2)〉
+
1
2
sinh
ϑ
2
(ǫ rsmn − δrmδsn + δsmδrn − δmnδrs) |Zm(p1)Zn(p2)〉
− coshϑ ǫ rsmn |ζm(p1)ζn(p2)〉
]
T |χr(p1)χs(p2)〉 = 1
4 sinhϑ
[1
2
sinh
ϑ
2
(−ǫ rsmn + δrmδsn − δsmδrn + δmnδrs) |Y m(p1)Y n(p2)〉
+
1
2
sinh
ϑ
2
(−ǫ rsmn − δrmδsn + δsmδrn − δmnδrs) |Zm(p1)Zn(p2)〉
+ coshϑ ǫ rsmn |χm(p1)χn(p2)〉
]
T |ζr(p1)χs(p2)〉 = 1
4 sinhϑ
[1
2
cosh
ϑ
2
(−ǫ rsmn − δmnδrs + δrmδsn + δsmδrn) |Y m(p1)Zn(p2)〉
+
1
2
cosh
ϑ
2
(ǫ rsmn − δmnδrs + δrmδsn + δsmδrn) |Zm(p1)Y n(p2)〉
]
Boson-Fermion
T |Y r(p1)ζs(p2)〉 = 1
4 sinhϑ
[1
2
[
coshϑ(−ǫ rsmn − δsmδrn + δmnδrs)− δrmδsn
] |Y m(p1)ζn(p2)〉
+
1
2
cosh
ϑ
2
(ǫ rsmn − δrmδsn + δmnδrs − δsmδrn) |ζm(p1)Y n(p2)〉
+
1
2
sinh
ϑ
2
(−ǫ rsmn − δsmδrn + δmnδrs + δrmδsn) |χm(p1)Zn(p2)〉
]
T |Zr(p1)ζs(p2)〉 = 1
4 sinhϑ
[1
2
[
coshϑ(−ǫ rsmn + δsmδrn − δmnδrs) + δrmδsn
] |Zm(p1)ζn(p2)〉
+
1
2
cosh
ϑ
2
(ǫ rsmn + δ
r
mδ
s
n − δmnδrs + δsmδrn) |ζm(p1)Zn(p2)〉
+
1
2
sinh
ϑ
2
(ǫ rsmn − δsmδrn + δmnδrs + δrmδsn) |χm(p1)Y n(p2)〉
]
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T |Y r(p1)χs(p2)〉 = 1
4 sinhϑ
[1
2
[
coshϑ(ǫ rsmn − δsmδrn + δmnδrs)− δrmδsn
] |Y m(p1)χn(p2)〉
+
1
2
cosh
ϑ
2
(−ǫ rsmn − δrmδsn + δmnδrs − δsmδrn) |χm(p1)Y n(p2)〉
+
1
2
sinh
ϑ
2
(−ǫ rsmn + δsmδrn − δmnδrs − δrmδsn) |ζm(p1)Zn(p2)〉
]
T |Zr(p1)χs(p2)〉 = 1
4 sinhϑ
[1
2
[
coshϑ(ǫ rsmn + δ
s
mδ
r
n − δmnδrs) + δrmδsn
] |Zm(p1)χn(p2)〉
+
1
2
cosh
ϑ
2
(−ǫ rsmn + δrmδsn − δmnδrs + δsmδrn) |χm(p1)Zn(p2)〉
+
1
2
sinh
ϑ
2
(ǫ rsmn + δ
s
mδ
r
n − δmnδrs − δrmδsn) |ζm(p1)Y n(p2)〉
]
T-matrix in SU(2)4 form
Boson-Boson
T
∣∣Yaa˙(p1)Ybb˙(p2)〉 = 14 sinhϑ
[(
2 sinh2
ϑ
2
δcaδ
d
b δ
c˙
a˙δ
d˙
b˙
− coshϑ
(
δcaδ
d
b δ
d˙
a˙δ
c˙
b˙
+ δdaδ
c
bδ
c˙
a˙δ
d˙
b˙
)) ∣∣Ycc˙(p1)Ydd˙(p2)〉
− sinh ϑ
2
(
δcaδ
d
b ǫa˙b˙ǫ
γ˙δ˙
∣∣ζcγ˙(p1)ζdδ˙(p2)〉+ ǫabǫγδδc˙a˙δd˙b˙ ∣∣χγc˙(p1)χδd˙(p2)〉
) ]
T
∣∣∣Zαα˙(p1)Zββ˙(p2)〉 = 14 sinhϑ
[(
−2 sinh2 ϑ
2
δγαδ
δ
βδ
γ˙
α˙δ
δ˙
β˙
+ coshϑ
(
δγαδ
δ
βδ
δ˙
α˙δ
γ˙
β˙
+ δδαδ
γ
βδ
γ˙
α˙δ
δ˙
β˙
)) ∣∣Zγγ˙(p1)Zδδ˙(p2)〉
+ sinh
ϑ
2
(
δγαδ
δ
βǫα˙β˙ǫ
c˙d˙
∣∣χγc˙(p1)χδd˙(p2)〉+ ǫαβǫcdδγ˙α˙δδ˙β˙ ∣∣ζcγ˙(p1)ζdδ˙(p2)〉
) ]
T
∣∣∣Yaa˙(p1)Zββ˙(p2)〉 = 14 sinhϑ
[
cosh
ϑ
2
(
δcaδ
δ
βδ
d˙
a˙δ
γ˙
β˙
∣∣ζcγ˙(p1)χδd˙(p2)〉− δdaδγβδc˙a˙δδ˙β˙ ∣∣χγc˙(p1)ζdδ˙(p2)〉
) ]
Fermion-Fermion
T
∣∣∣ζaα˙(p1)ζbβ˙(p2)〉 = 14 sinhϑ
[
− sinh ϑ
2
(
δcaδ
d
b ǫα˙β˙ǫ
c˙d˙
∣∣Ycc˙(p1)Ydd˙(p2)〉− ǫabǫγδδγ˙α˙δδ˙β˙ ∣∣Zγγ˙(p1)Zδδ˙(p2)〉
)
+ coshϑ
(
δcaδ
d
b δ
δ˙
α˙δ
γ˙
β˙
− δdaδcbδγ˙α˙δδ˙β˙
) ∣∣ζcγ˙(p1)ζdδ˙(p2)〉 ]
T
∣∣∣χαa˙(p1)χβb˙(p2)〉 = 14 sinhϑ
[
− sinh ϑ
2
(
ǫαβǫ
cdδc˙a˙δ
d˙
b˙
∣∣Ycc˙(p1)Ydd˙(p2)〉− δγαδδβǫa˙b˙ǫγ˙δ˙ ∣∣Zγγ˙(p1)Zδδ˙(p2)〉)
+ coshϑ
(
δδαδ
γ
βδ
c˙
a˙δ
d˙
b˙
− δγαδδβδd˙a˙δc˙b˙
) ∣∣χγc˙(p1)χδd˙(p2)〉 ]
T
∣∣∣ζaα˙(p1)χβb˙(p2)〉 = 14 sinhϑ
[
cosh
ϑ
2
(
δcaδ
δ
βδ
δ˙
α˙δ
c˙
b˙
∣∣Ycc˙(p1)Zδδ˙(p2)〉+ δdaδγβδγ˙α˙δd˙b˙ ∣∣Zγγ˙(p1)Ydd˙(p2)〉
) ]
Boson-Fermion
T
∣∣∣Yaa˙(p1)ζbβ˙(p2)〉 = 14 sinhϑ
[(
sinh2
ϑ
2
δcaδ
d
b δ
c˙
a˙δ
δ˙
β˙
− coshϑδdaδcbδc˙a˙δδ˙β˙
) ∣∣Ycc˙(p1)ζdδ˙(p2)〉
− cosh ϑ
2
δcaδ
d
b δ
d˙
a˙δ
γ˙
β˙
∣∣ζcγ˙(p1)Ydd˙(p2)〉− sinh ϑ2 ǫabǫγδδc˙a˙δδ˙β˙
∣∣χγc˙(p1)Zδδ˙(p2)〉 ]
T
∣∣∣Zαα˙(p1)ζbβ˙(p2)〉 = 14 sinhϑ
[(
− sinh2 ϑ
2
δγαδ
d
b δ
γ˙
α˙δ
δ˙
β˙
+ coshϑδγαδ
d
b δ
δ˙
α˙δ
γ˙
β˙
) ∣∣Zγγ˙(p1)ζdδ˙(p2)〉
+ cosh
ϑ
2
δδαδ
c
bδ
γ˙
α˙δ
δ˙
β˙
∣∣ζcγ˙(p1)Zδδ˙(p2)〉− sinh ϑ2 δγαδdb ǫα˙β˙ǫc˙d˙
∣∣χγc˙(p1)Ydd˙(p2)〉 ]
T
∣∣∣Yaa˙(p1)χβb˙(p2)〉 = 14 sinhϑ
[(
sinh2
ϑ
2
δcaδ
δ
βδ
c˙
a˙δ
d˙
b˙
− coshϑδcaδδβδd˙a˙δc˙b˙
) ∣∣Ycc˙(p1)χδd˙(p2)〉
− cosh ϑ
2
δdaδ
γ
βδ
c˙
a˙δ
d˙
b˙
∣∣χγc˙(p1)Ydd˙(p2)〉+ sinh ϑ2 δcaδδβǫa˙b˙ǫγ˙δ˙
∣∣ζcγ˙(p1)Zδδ˙(p2)〉 ]
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T∣∣∣Zαα˙(p1)χβb˙(p2)〉 = 14 sinhϑ
[(
− sinh2 ϑ
2
δγαδ
δ
βδ
γ˙
α˙δ
d˙
b˙
+ coshϑδδαδ
γ
βδ
γ˙
α˙δ
d˙
b˙
) ∣∣Zγγ˙(p1)χδd˙(p2)〉
+ cosh
ϑ
2
δγαδ
δ
βδ
δ˙
α˙δ
c˙
b˙
∣∣χγc˙(p1)Zδδ˙(p2)〉+ sinh ϑ2 ǫαβǫcdδγ˙α˙δd˙b˙
∣∣ζcγ˙(p1)Ydd˙(p2)〉 ]
Appendix D S-matrix of massive deformation of
geometric G/H coset sigma model
It is of interest to compare the expanded Lagrangian and the S-matrix of the massive theory
based on the G/H gauged WZW model (2.9) with those of a similar massive theory based
on the standard G/H coset model, i.e.
S = −k
∫
d2x Tr
[
1
2
(g−1∂+g −A+) (g−1∂−g −A−) + µ2g−1TgT
]
. (D.1)
Here we use the same notation and definitions for g, A± and T as in section 2.1. This action
is invariant under the following gauge transformations (cf. (2.10))
g → gh , A± → h−1A±h+ h−1∂±h , h = h(x) ∈ H . (D.2)
Compared to (2.9), this theory, however, is not integrable for µ 6= 0 (the Lax pair that exists
in the classical massless coset theory does not appear to have a generalization for µ 6= 0).
Going through the same steps as in section 2, i.e. expanding near g = 1 using (2.13),(2.21),
fixing the A+ = 0 gauge and solving the A−-constraint for ξ (which is again the same
(g−1∂+g)h = 0 as in gWZW case) we end up with the following counterpart of the quartic
Lagrangian (2.35) (cf. also (2.28),(2.29))
L =1
2
∂+Xa∂−Xa − µ
2
2
XaX
a +
1
8k
γabcdX
a∂+X
b∂−
∂+
(
Xc∂+X
d
)
− 1
24k
γabcdX
aXc∂+X
b∂−Xd +
1
24k
γ0µ
2XaXaX
bXb +O(X5) .
(D.3)
Here γ’s are defined as in (2.36). Using identities in Appendix A it is again possible to put
this Lagrangian into a local form
L = 1
2
∂+Xa∂−Xa − µ
2
2
XaX
a − 1
6k
γabcdX
aXc∂+X
b∂−Xd +
1
24k
γ0µ
2XaXaX
bXb +O(X5) .
(D.4)
The difference between the two actions is due to the contribution of the WZ term in (2.9)
(other terms in the two actions are the same in the A+ = 0 gauge). From (D.4) we get the
following T-matrix defined in (2.37),(2.45)
T cdab (ϑ) =
1
12 sinhϑ
[
γ0
(
δabδ
cd + δcaδ
d
b + δ
d
aδ
c
b
)− 2γ cdab + 2γ d ca b
+ 2
(
γ cdab + 2γ
c d
a b + γ
d c
a b
)
cosh ϑ
]
,
(D.5)
which is similar to the gWZW result (2.47).
37
For example, if we consider G/H = SO(N)/SO(N − 1) = SN−1 embedded into F =
SO(N + 1) then using the identities in section 2.5 (D.5) simplifies to (here a, b, c, d =
1, . . . , N − 1)
T cdab (ϑ) =
1
4 sinhϑ
[
(1 + 2 coshϑ) δabδ
cd − δcaδdb + (1− 2 coshϑ) δdaδcb
]
. (D.6)
In the case where N = 3 this expression can be rederived by starting with (D.1) and fixing
the H = SO(2) symmetry (D.2) by a gauge condition on g (here T1, T2 are generators of the
coset defined in sections 2.1 and 2.5)
g = ez1T1+z2T2 , z1 + iz2 = ρe
iu . (D.7)
Then integrating out A± gives
L = 1
2
∂+ρ∂−ρ+ sin2
ρ
2
∂+u∂−u+ 2µ2 cos
ρ√
2
. (D.8)
Expanding this Lagrangian to quartic order in ϕ or in “cartesian” coordinates za = (z1, z2)
we get (cf. (2.65),(2.66))
L = 1
2
∂+za∂−za − µ
2
2
zaz
a − 1
12
(δacδbd − δadδbc)zazc∂+zb∂−zd + µ
2
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zaz
azbz
b +O(z5) , (D.9)
and this again leads to (D.6).
In the N = 5 case the field Xa in (D.4) transforms in the vector representation of H =
SO(4). As this vector representation is equivalent to the bi-fundamental representation of
SU(2) × SU(2) we can rewrite (D.6) in terms of the SU(2) fundamental representation
indices α, α˙ as in (3.27) Then (D.5) becomes
T γγ˙,δδ˙
αα˙,ββ˙
(ϑ) =
1
4 sinhϑ
[
− (2 coshϑ+ 1)
(
δγαδ
δ
βδ
δ˙
α˙δ
γ˙
β˙
+ δδαδ
γ
βδ
γ˙
α˙δ
δ˙
β˙
)
+ 2 coshϑ δγαδ
δ
βδ
γ˙
α˙δ
δ˙
β˙
+ 2δδαδ
γ
βδ
δ˙
α˙δ
γ˙
β˙
]
.
(D.10)
Comparing to (4.7) we see that due the term in the second line here we do not have the
group factorisation of the T-matrix that we had in the gWZW case. This is a reflection of
the fact that the theory (D.1) is not integrable.
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